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PREFACE. 



The work here^subtwitted to' the notice of the public forms 
the third voltime of a course intended to furnish to the 
mathematical ^tutlent a pretty comprehensive view of the 
principles of modern analytical science. To complete this 
tiesign will require a fourth volume, in some measure sup- 
plementary to the three now completed, and to contain the 
subject of Finite Differences, a fuller inquiry into the 
theory of Partial Differential Equations, and a chapter on 
Definite Integrals. This final volume I hope hereafter td be 
able to prepare, although I do not propose to enter imme- 
diately upon the undertaking. 

With respect to this third volume,'! ought to Observe that, 
in common \^th ^11 modern elementary writers,"! have availed 
myself pretty freely of the writings 6f the" Frenfch mathema- 
ticians. In stating this, '! am aware that ! am n6t offering 
any apology for my bo6k; but am, on the contrary, setting 
forth its principal claim to the notice of the English student; 
for the superiority 6f the "French in every department of 
abstract science, is now pretty generally acknowledged in 
this country. 'Notwithstanding this admission, however, I 
have long been persuaded that many of the Trench pro- 
cesses, now universally adopted in English' Books, are very 
'deficieftt in mathematical rigour, and in not a few cases fail 
altogether to establish the conclusions aimed at. In conse- 
quence of this conviction, * I have therefore been led, in pre- 
paring these volumes, cautiously to examine whatever I have 
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IVi PREFACE. 

appropriated from the sources referred to, and the result has 
been, that objections of the gravest kind have been found 
to attach to some of the most celebrated French theories. 
In science, as in morals, the propagation of error is of more 
dangerous tendency than the suppression of truth; and if, 
in the course of these volumes, it be found that I have suc- 
ceeded in removing any inaccuracies that may hitherto have 
vitiated the purity of mathematical reasoning, it may perhaps 
atone, in some measure, for the absence of that kind of ori- 
ginality which requires powers of altogether a higher order. 

The present treatise I have divided into three sections : the 
first being devoted to the Integration of Differentials of 
One Variable; the second to the subjects of Rectification, 
Quadrature, and Cubature; and the third to an Elementary 
View of the Theory of Differential Equations, more particularly 
those of the First and Second Order. 

The first section will be found to be tolerably extensive. 
I have endeavored to arrange the several topics it embraces, 
so as to facilitate the progress of the student, and with the 
same view I have, in some cases, presented the general for- 
mulas of integration in a tabular, and I think somewhat 
improved, form. The sixth chapter of this section, which 
treats on the Methods of Integrating by Series, and on Succes- 
sive Integration, will I believe, be found to contain one or 
two facilitating processes worth the student's attention; also 
in the following, or seventh chapter, the article on the Sum- 
mation of Series will, it is hoped, be acceptable to the young 
analyst.- This is a department of pure mathematics of con- 
siderable importance, as well as difficulty, and one to which 
the Integral Calculus is peculiarly applicable, although, in 
general, but a very inadequate space is allotted to it in books 
on that subject. In the course of this chapter occasion is 
taken to introduce Wallis's remarkable expression for the 
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TRfiPACE. V. 

qaadf ftiit of a xiiriAe ; this expression is very generally known 
among mathemftticians/ aild in'-foreign: books is always g^ven 
correctly, fn all the recent* English works, ^however, Which 
I ^ave seen, -and in which this- expression* occurs, it is trans- 
formed intO'an-kl!>soliite absurdity ;- for in some of these books 
WalHs is mftdeto say^ and • the 'Student gravely informed, 
that the circumference of^a circle "whose radius is unity is 
accurately ^nothing r and in others theexpressionf tells us ^t 
the circumference of the same cirde is inJMte! 

The-second section may be considered a» the geometrical 
application' of the ^st,* and will be -found to contain a- very 
copious collection 6f problems on Rectiication, Quadrature, 
and Giibature ; most of- these ^ problems hare been- sheeted 
from different mathematical periodicals, but of the greater 
part of these the solutions have been modified and- improved, 
and corrected 'where erroneous. 

Itmaybe objected tiiat I have not itttroduced into 'this 
section - the usual ancient curves, as ^ the ' Quadratrix, the 
Conchoid, the Cissofd, &c., the truth is that I think too 
much attention is bestowed on these curves at the present 
day, -as they have long been dispossessed of that interest 
and importance that attached to them at the time of their 
invention; and, moreover, in the present improved and 
extended state of mathematical science, an ordinary student 
will find it a matter sufficiently difficult to preserve in his 
memory the many particulars which it is of importance 
should be remembered, without being burthened, in addition, 
with the names and forms of the various curves devised by 
the early geometers in their fruitless attempts to square the 
circle, to trisect an angle, and to double a cube. On these 
accounts I have not hesitated to exclude them from this 
treatise and to introduce others, offering, by their equation-s, 
more interesting analytical particulars. 

a 2 
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VI. PREFACE. 

The third section contains the elements of a theory ^f 
almost boundless extent, the theory of Differential Equations. 
As far as equations of two variables and of the first order 
are concerned, and beyond which the powers of the calculus 
are at present but very limited, the information conveyed in 
this section will, it is thought, be found to be sufficiently 
copious. I have endeavoured to render this part of the 
subject clear and intelligible, and have, in some cases, 
preferred appearing lengthy where brevity might involve any 
obscurity, as in the article on Riccatis equation, for instance 
In the latter part of this section I have compressed into small 
compass several topics of a nature too difficult and too 
extensive to be completely discussed in a work of this kind ; 
but I have taken care to direct the inquiring student to the 
sources where more satisfactory information may be obtained : 
I hope, also, to touch again upon these matters at a more 
convenient opportunity ; in the mean time, I trust that the 
three volumes now finished may contribute something towards 
improving the taste and exciting the inquiries of the young 
analyst. 

J. R. YOUNG. 

August 25, 1831. 
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THE 

INTEGRAL CALCULUS. 

SECTION I. 

ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 
OF A SINGLE VARIABLE. 



Article (1). The Integral Calculus is the reyene of the Differeotial 
Calculus, its object being to determine the primitive (unction from 
which any proposed differential is derived. We ^11 at once proceed 
to the exposition of the principles of tiiis very important department of 
Analysis. 



CHAPTBlb I. 

FUNDAMENTAL PRINCIPLES OF INTEGRATION. 

(2.) The process by which we return from the derived (unction to the 
primitive is called integration; it is indicated by the symbol y* placed 
before the differential or derived function, and the result of the process, 
that is, the primitive function, is called the integral of the proposed 
differential. 

(3.) There are several obvious particulars respecting the fundamental 
principles of integration, which immediately present themselves to the 
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2 THE INTEGRAL CALCULUS. 

mind, from considering the direct process, or that of differentiation. 
These we shall briefly enumerate : 

1. Since doFx is the same as adFx, viz. aYxdx, therefore, in the 
reverse operation, foBxix is the same as a/F'xdx, so that any constant 
factor or divisor may be taken from under the sign of integration, and 
placed without it. We may moreover introduce any constant factor 
under the «igny, provided we place its reciprocal without the sign. 

2. Since the differential of the sum of any number of functions is 
the same as the sum of their several differentials, it follows that, when 
we have to integrate the sum of any number of differentials, the same 
integral will be expressed, whether the sign J* is prefixed to the whole 
sum, or to each individual differential, that is,f{Adx -f- Bdx -f &-c.) is 
the same as/Arfjr +/B<ir -|- &c. 

3. Since, in differentiating any function, the constant connected with 
it by addition or subtraction disappears from the result, it follows that, 
in integrating such result, the constant should be introduced. But as 
the form of the differential remains the same, whatever may have been 
the constant in the primitive, we cannot infer from that form the par- 
ticular value of the constant that has disappeared, so that all we can do 
is, to annex to the integral found a symbol C, standing for a constant, 
the value being indeterminate. The integral thus completed has the 
most general form possible, since it comprehends every function that 
can by differentiation produce the proposed differential. Thus the 
complete integral of the differential dFx is Fx -f C. If we know in 
any particular inquiry what value the integral ought to tak6 for any one 
particular value of the variable, the constant belonging to that case 
becomes readily determinable. Thus, if we know that for r = fl the 
value of the integral Far -f C ought to be A, then we have Fa -+- C = A, 
therefore the value of the constant is in that case C s=: A — Fa, so that 
the definite integral^ as it is then called, is Fx -f A — Fo. 

We shall now proceed to integrate a few fundamental expressions. 



Integration of the form (Fx)*dFjr. 

(4.) This differential obviously corresponds to the differential of 
(Fj)*+*-|- C, with the exception that it is not multiplied by n -f 1 . If, 
therefore, we multiply it by this factor, and then place the reciprocal of 
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THE INTEGkAL CALCCLUS. 3 

it outside the signy, the expression under the sign will be thus rendered 
integrable, 

.-. — L-/ (« + 1) (F».)» dFx = ^^-^^ + C. 

Hence, to integrate any differential of the proposed form, that is, where 
the expression without the parenthesis is the differential of that within, 
the rule is to increase the power of the function within the parenthesis 
by unity, divide this increased power by its exponenty and annex the 
arbitrary constant. We shall subjoin a few examples of expressions 
coming under this form, or which may be easily reduced to it. 

EXAMPLES. 

(5.) 1. To integrate a«*dx. 

2. To integrate >/oH-x« xdx or (a + jp*)» xdx. 

Here the expression without the parenthesis is not the complete diffe- 
rential of that within, requiring to be multiplied by 2 ; hence, introduchig 
this factor, and placing its reciprocal outside, we have 

f ^ 

3. To integrate (6 -f- ci*)"* ax*-» dx. 

Here it is easy to perceive that the expression without the parenthesis 

requires to be multiplied by — ; hence 

—f(b -f <?t«)"» ncx^-^dx^ — , " . ,^ (6 + cx")'»+» -f C. 



4. To integrate 

adx 



• or (6 — ex)— » adxy 



(b — cx)» 

_ _ / (i _ 0^) . _,rf, = _L__._ + c. 

5. To integrate 

dy = (flx -f 6x* -f cx»)»» (a -f 2«x + 3ox») rfx. 
This being of the proposed form the integral is 
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4 THE INTEGRAL CALCULUS. 

6. To integrate 

dy=z(2ax — s^^(a — s)dx 

y = i/(2ax— *»)*(2a— 2x)rfx=^^^!i=^ + C. 

In the examples already giTen it has been an easy matter to discover 
the factor necessary to render the expression without the parentheses the 
differential of that within ; but there is a general method of ascertaining 
whether a proposed differential belongs to the case we are considering 
which ought to be noticed. Thus, taking the last example, assume 

y = A(2ax — *»)i-f C, 
then, differentiating each member, 

dy = (2ax — 4*)* (a— jc) rfx= J A (2a«— *»)* (2a — 2«) dx, 

consequently, if the differential is of the proposed form, we must have the 

conditions 

a s= TAff, 1 =s7A, 

which agree in giving the same value to A> viz. A = i^ ; hence the inte- 
gral is 

as before determined. 
If the example had been 

dy = (2ax — d?')^ (6a — x) da:, 

then, as before, assuming 

3/ = A (2ax — x^)\ 

and differentiating each member, we have 

(2ax — x^)i (5a — x) = J A (2ax — a»)^ (2a — 2x), 
.•.5 = 5A,1=5A, 

two conditions which are contradictory $ hence we infer that the differen- 
tial does not belong to the proposed form. ' 

7. To integrate f 

dy=i adx r^ -|- *'</» 



Digitized by 



Google 



THE IKTEORAL CALCULUS. 

t,=/««fx -y.^ +/x ' rfx = ax - ^ -fi X* 4- C. 

8. To integrate 

^y = (a + 6x)'^x, 

y =/ (« + 6x)« dx =/ (a» rf^ -f 2abxdx -f 6« x« rfx) 

A«x» 
=:a«x + a«x« + -r-H- C. 

9. To iotegrate 

2ada 



; >/ 2ax — X* 
This is the same as 

x-» (2aj? — x*)~« 2arf«^:x-'(2ax-» — 1) ' 2arf.r, 

>vhich is of the required forin> with the exception of its sign, 

.•.!/ = — / (iaar-^ — i )"^ X - 2a«-«<fes=- 2 (2aar-»— 1 )* + C 

= — 2 ^2ax-^x» _|. c^ 

X 

10. To integrate 



(2aa?— *»)^ 
This is the same as 

(2a — x)-* *•""* ^^ = C^a-^' — 1 )-^ x-2 Jx, 
which will be of the required form, when the expression without the pa- 
renthesis is multiplied by — 2a ; hence 

.v = — i-/(2flx-» — iHx — 2ax~»dj? = ^^'^'^'^^^ 



2a 






« 2a — J? 

1 1 . To integrate 

adx 






^IC* 



12. To integrate 

</j^ =s (a -f- ^^ + <?a*)3 (hdx -|- 2exdx), 
.•.i/ = |(a + 6x + c«a)*-|-C. 



B 2 
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THE INTEGRAL CALCULUS. 
13. To integrate 

'4. To integrate 



1^- To integrate 
1«. To integrate 

17. lo integrate 






-^Z a* + fi^ 



27 



1 — « 

3ff* 6*« . e-p7 



18^ To integrate 



3aV ' 



thillid^Tot'cc^r '^:,*^I.°''»*'^«^ *o tl»« above form, which never. 

become,-,, the for. being f . which eviaenfy .g^ wiU. the forn. 
for the differential of log. X, hence 



/•rfX 
J x" ='•*»• X + C = log, eX, 



tolta^r'"^'^'"'^*^**^. Thefollowlng.x«,pie.b.long 
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THE IKTECRAL CALCULUS. 

19. To integrate 



The numerator being the differential of the denominator, we hare 

/^.^lo,.C(^ + a.). 

20. To integrate 

ad* 



To render the nnmerator equal to the diflforential of the denominator, 

h 
we mutt multiply it by — , 



21. To integrate 



a^dx 






(n + l)cc/ 6» + c«- + » (« + l)c ^^ -r*^' -^ > 
22. To integrate 



5^diP 



S3. To integrate 



\xdx 



14. To integrate 



. a (g — a)««to 



.'.y«^{£_3ax + 3a'log.*+-} + C. /5^ «i^** 



4* 'a 



Digitized bydOOQlC 



O THE INTEGRAL CALCULUS. 

(7.) Integration of the Forms 

/dx P dx P dx 

a 
If we put — = r, the three first of these fonns will be the same as 
h 

vrhere the expressions under the sign of integration are identical with 
those at article (16) in the Differential Calculus. 

As to the fourth form, if we put -— := 2r it will be the same as 

2b p rdx 

«V 'J 2rx-^J 
the expression under the sign of integration being identical to the 
remaining expression in the article just referred to. Hence the integrals 
of all the proposed forms are given by the circular arcs exhibited in 
that article, so that 

I , =": 8m.-» J? + c 

^ r ^_ =olcas.-'^ + C 

/dx 1 

___-_-. = — .gee-* ^-fC 

J ■ ■ =— : cosec.-* df -f* C 

x's/n^x^ — a* « 

j T ^^ = 2 4 versin.-' * + C 
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P dx h 

— / -7== = 2 — coversin.-* * 4- C, 

where it must be observed that in all these expressions, except the last 
two, the radius is -— and in the last two it is rr ^2. 
(8.) If o^ 6 = 1, then r = 1, and the first six integrals are, simply, 



/: 



dx 
-7== = «in.-> * 4. C 




and if 6 = 1, o*=2, then r= 1, and the last two aie 
ds 



-s. 



dx 
. ■ = coTersln.-* # + C, 



the radius of these arcs being all unity. 

(9.) The more general expressions in art. (7) may also be so modi- 
fied as to involve only the common tabular trigonometrical quantities, 
or those to radius 1. For, if any trigonometrical line belonging to an 
arc of radius r, be divided by r, the quotient will be the trigonometrical 
line belonging to a similar arc of radius 1, we have, therefore, merely 
to multiply this arc by r, to arrive at the arc of radius r originally pro- 
posed. Hence, if, in the expressions art. (7), we divide x by the radius 
to which it belongs and multiply the corresponding arc by that radius, 
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10 THE INTEGRAL CALCULUS. 

the values of those expressions will remain unaltered, and will be cal- 
culable, for particular values of a:, by means of the common trigonome- 
trical tables. The expressions thus modified are 



/: 
-/: 



■ sm.-* — J? -h C 






s 

-J- 

/: 
-/; 



dx 1 h 

a , .o o ^-T tan.-* — x-\-C 
<j? -f- \y^x^ ah a 

s I lA g ="T cot.—* — df -f C 

sec.-* — x-\-Q. 



r^ — cosec— * — d? -f- C 



- versm,-* — ;- j* -|- C 



coversm.— * x — i-^-f C. 



(10.) These circular forms will repeatedly occur hereafter, and th# 
student should endeavour to carry them in his mind. It is obvious 
that these same forms hold, if instead of x there be substituted any 
function of it X, as we shall now illustrate by a few examples. 



EXAMPLES. 

1 . To integrate 

xdx 



s/a — bx* 
If, in this expresssion, X be put for x^, we have xdx = ^dX, therefore 

i /-—=:.=-— sin.-» ^X + C 
^ V a--bX^ 2A' a^ 
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1 6^ 

= — r-8in-»— pA-'+C. 

2. To integrate 

Patting a?" = X, we have jr«-* djr = — rfX, 

n 

I r dX 1 . A* 

••• — / J - = — r sin.-' — -- 1". 

^*^ >/a-6X» ;,fc* „i 

3. To integrate 

Putting ^5 = X, we have ai^ djc = ^dX, 



^ r dx 2 , , M , 

4. To integrate 

dx 



jewbaf* — a 

JL-i 
Multiplying numerator and denominator by x this expression be- 

comes 

n 



- t 



^ -^_i 2 

and, putting a^ ^saX, we have a? * == — e/X, 



2 ^ rfX 2 , i-jr~ 



5. To integrate 



^ aje^bje- 
Dividing numerator and denominator by a', the express,on becomes 
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12 THE INTEGRAL CALCULUS. 

and, putting »■ == X, we have a~* = — 8 dX, 

.-. — 2 / . . = — j-co8.-»N— *• 

^ >/rflf6X« 4* « 

6. To integrate 

xdr 



/i 






1 +** 
7. To integrate 



= itan. -»x«. 



V'i— 4> 



/:/' 



8. To integrate 



-Ux 



14- A* 



/ 






(1 1 .) We have now, by inverting a few of aj| fundamental processes 
of the differential calculus, shewn how^.Uk4pBgrate the most simple 
forms of those differential expresjs^^gsHvhich lejid to algebraical, loga- 
rithmic, and circular functiogi^. It remains to consider those which 
depend upon exponential, fbd trigonometricaUunctions; still, however, 
confining ourselve9lto the most simple* forms Jof those expressions that 
can pog^s&ly^ occur; we sh^I thus have all the elementary forms of 
which tiie most complicated integral can lif composed. The exponen- 
tial and trigonometrical forms are as follow : 

a' 

Since da* = log.a . «' dx therefore fa'dx^ , 1- C 

log.a 

de':=ze'dae^\ . . jm . .'. . /<?*d> = e'H- C 
d am,x s^fjf djf . . . ^. . . /co8.^<Cr = 6in^ -f O 
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dcoB.3tss — Bin^da • ftin^siUss — eof.«4-C 

djf P ds 

dx P dx 

rf cot. J? = -:—=— / , , =scot.dr + C 

if 8ec.dpastan.j7 8ec.4r<£r / tan.« wcj? itr ^ iec«« -|> C 

47cosec^:= — oot« co8ec.« «{» • ./cotjrcoMC^d!arss — coiec^-f C. 

Having thus collected together in the present chapter all the elementary 
forms, our principal object throughout this section will now be to de- 
compose into these forms every dilferential whose integral we wish to 
determine. 



ON THE INTEGRATION OF RATIONAL FRACTIONS. 

(10.) By the aid of the elementary integrals, determined in last 
chapter, we may integrate every differential contained in the general 

form 

P.p*^' + Qj*^ -I- ar -h 8 

P'a* -f. Q'*»-» -hR'^' 

provided we can by any means decompose the denominator of the 
fractional coefficient into its simple or quadratic fiu^rs. 

In the form here exhibited we see that the highest exponent of x in 
the numerator is less than the highest exponent of x in the denominator 
by at least one unit, but if any rational fraction be proposed having 
the highest exponent of x in the numerator greater than the highest ex- 
ponent in the denominator, then, by actually performing the division 
indicated, we shall obtain a quotient of the form px^dxy and a remain- 
der, in which the highest exponent of x is less than the highest expo- 
nent in the divisor; the fraction, therefore, formed by this remainder 

c 
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14 THE INTEGRAL CALCULVS. 

and dimor will be of the above form, and this fraction annexed to the 
quotient must be equal to the proposed; we shall have, therefore, to 
integrate these two parts, and as the first belongs to the form (4) there 
will remain to be integrated the form above, so that the integration 
of this form compr^ends the integration of every form of the rational 
firaction. 

(11.) To shew in the simplest manner how this integration is to be 
e0ected we shall apply the process to particular examples, ehoosing at 
first those fractions of which the factors of the dencnninator are all 
unequal. 

1. Let it be required to integrate 

— ^dx. 

The factors of the denominator are here x — a and x -)- a, and our 

A B 

object is now to find what two partial fractions and — ; — com- 

X — a x + a 

pose the proposed, that is to say, what values of A and B satisfy the 

condition 

fl __ A B 

X* — a* X — a x-^a 

By reducing the two partial fractions to a common denominator, and 
actually adding the numerators, this condition reduces to 

ass (A -H B) « -h (A --B)a, 

and as this must exist, whatever be the value of x, we have, by the 
method of indeterminate coefficients, 

A-f B:=0,a«=rA— B)a.-. ls=sA — B, 

which equations give 

A=:i,B=-i; 

4ieace the partial fractions are determmed, and we have 

that is (6), 

/(tdx 
p^^ = J tog. (. - a) - J log. (* + «) + C 
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2. Let it be required to integrate 






dx. 



In this example the &ctors of the denominator are *, a ^and 

<( + -r, and in order to decompose the fractional coefficient into partial 
fractions, we must so determine A, B, and C, that we may have the 
condition 



a'-ffe*_A B C 



«^--x» X "^ o — X "^ a-f x' 

which, as in last example, reduces to the condition 

a»+ 6x»= Aa«- Ajf^-h Bax -f Bx* + Cox — C««, 

therefore, equating the coefficients of the like powers of x, we have the 
equations 

B — A — Cxx*, B«-h CosssO, Ao»a«a». 

The last of these unmediately gives A sss a, which leduces the first to 
B — C=za-^b; also, since the second is the same as B -f C =0, we 
get for B and C the values 

B-iLhlr- iL±l*. 
B 2— iC = —. 

the partial fractions being thus determined, we have 

/ g^-t-fcj^ ^^ r dx a-^b r dx a-\-h P dx 

a}x — ^ —"^ X "^ 2 t/ a — « 2 J a-f-x 

= alog.x-^L+±iog. («-x)- fL±liog.(a + ^) + C 

= a log. X — -5L±1 log. («• — x^) ^ C. 

3. Let it be required to integrate 

Sx — 6 . 
-tfx. 



x» — 6jr + ( 
To determine the factors oi the denomuuKtor we must find the roots 
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16 THE I17TE6RAL CALCULUt. 

of the equation 

;c» — 6* + 8 = 0, 

whicb are xssz2 and a: = 4; bence the Motors are *— 2 and x — 4; 
therefore, as before, assuming 

Sx — 6 ^ A B 

we have the condition 

3« — 5 = Ax — 4A + B«— 2B, 
therefore, compariDg the like powers of x, we have the equations 
3 = A + B,6 = 4A-f 2B, 

...A = -.J,B=J, 

consequently * 

,/««— tt*-h8*" V *— 2 ^v *— 4 

a=}log.(a? — 4) — llog.(* — 2) + C. 
4. Let it be required to integrate 

Decomposing the denominator, as in the last example, we find for 
the &ctors 

« + 2a + >/ 4a» 4- 6«and« + 2a — >/ 4a« -f >». 

or, more briefly, 

* + K »ad J? -f L J 
hence, assuming 

X A B . 

** -h 4ax — *«""dr -j. K ■*■ » + L ' 

we have the condition 

j = At + AL4-B +BK, 
which furnishes the equations 

A + B = l,AL + BK=:a, 
from which we find for A and B the values 



Digitized by 



Google 



TBS IKT£ORAIr CALCULUS. 17 



. p X __ K r* ds L__ /» At 

= k3l ^**»- (* + ^> "iT^TL ^"^^^ ^"^ + ^^ "^ ^• 

5. To integrate 

i </^ 



L 



6. To integrate 

• 8* + 3 



da 



*»-!-*« — 2.T 



/; 



;j3iyi5-.rfr = Jlog.(*-l)~Jlog.^ 



7. To integrate 



(/« 



/2 — 4jr 
^ii_^_g rf« « — fl log. (»•— X -« 2). 

From these examples it appears that when the denominator of the 
rational fraction can be decomposed into simple and unequal factors, 
the integral of the expression will always be determinable, and will 
always be of a hgaritkmieform^ because the several component partial 
differttntials will be fractions whose numerators are the differentials of 
the denominators, Whether these be rational or imaginary. 

(12.) When the factors of the denominator are not only simple anil 
rational, but some of them equal, the {ffoeess just empbyed must be 
modified a little. Thus, suppose we had to decompose the fraction 

a -f 6x -|- ex' 

where the factors of the denominator are all equal. 
The partial fractions cannot here be of the form ' 

c2 
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18 THE INTEORAL CALCULUS. 

A B C 

Ibr, ai these are all of the same denommator, their sum is of the fonn 

and the condition for determining the numerators 

o-f 6x-hcx» = A'(x — *)*, 

which is not only insufficient for that purpose, but it also fixes a relation 
between k and a, by c,. 

If, however, we make, in the proposed expression, this substitu- 
tion, yi^ 

X — * = s.*. x^t-f^- 

it will take the form 

a -j, 6Ar -f g^ H- fe + 2g^« -f cz* 

^ rf which the component firau^tions are obviously 

a -f 6* + cA:» 6 + 2cAr c 

9 = > • 

Hence the component fractions of the proposed are 

x + ^Ar + c^ h + 2c Ar c 

(x-*)» '(x — *)»' x-Ar' 
that is 

g -(- 6y ^ cx» _ A B_ 



It is easy to perceive, from the process employed in this instance, 
that a similar form of decompositicxi has place in every case where the 
denominator of the rational fraction consists of only equal rational and 
simple factors. When unequal factors enter as well, the corresponding 
partial fractions will be determined, as in the case already considered; 
but the operations will here, as in that case, be best understood by 
means of a few particular examples: 

8. Let it be required to integrate 
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Here we bave to determine A and B from the condition 
2ax A B 

which, by actually adding the fractions in the second member, and 
equating the numerators, leads to 

8ax = A-|-Bx-|-Ba, 

which gives the equations 

2a = B, A + Bas=0, 

that is, 

A=s — 2a*, B=2a, 

^ t/ (* + «)• «/ (x-fa)» t/ x + a 

= ---— -h2alog.(x4-«) + C. 
x-f-a 



9. Let it be required to integrate 

X* 



.dx. 



X* — ax* — a'x-j-ff* 

In order to decompose the denominator, we must find the roots of 
the equation 

X* — ax« — a*x + a3 = 0; 

it is easy, however, to see that jrs=a is one of these roots; therefore, 
depressing the equation by the easy method explained at page 193 of 
my Algebra, there results the quadratic &ctor x^ — a*, which gives the 
simple Actors x — a,x-\^a; hence, assuming 



A +_B^+. C 



(x — a)^(x-f a) (x— a)* x — a x-|-o 

reducing the partial fractions to a common denominator, and equating 
the numerators, we have 

lasB + C, A — 2Ca=:0, Aa — Ba» -f Ca« = 0. 
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If we multiply the first of these conditions by dP, and add die result to 
the third, we shall have 

Ao + 2Ca«=Ba*, 

and adding this to the second, multiplied by a, there results 

a^ := 2 Aa .«. A = | a, 

this, substituted in the second condition, gives 

C = i, 

whence the first reduces to 

B = l-i = f, 
therefore 

/a* a /* dx 3 p dx 1 /* ds 



jf . 3 , ^ , . 1 

l(x-.«) 

10. Let it be required to integrate 



=" " 2(x~.«) "^ T ^'*^" <* — «> + T ^^^* (^ + «) + ^• 



a a 



Here we must assume 

a A . B . C . D 



(x — 1)»(«-|-1)« (x— 1)« ^ af-1 ^ (x-f 1)« ^ x+1 

and, by reducing the partial firactions to a common denominabor, we 
are led to these equations of condition, viz. 

B + DssO 

A + B-t-C — D = 

2A— -B— 2C — D=0 

A — B-f C-f !> = «. 

The first of these reduces the third to 2A — 9C = 0, therefore A = C, 
the second reduces the fourth to 2A -f 2C = a, therefore, since A =^ C, 
Ass{a:=C, consequently the fourth becomes D — Bssfa, which, 
combined with the first, gives 

B=^-4«,D==iaj 
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hence 

/ adx _ . p dx dx <to ^ cto , 

It appears finom these examples that when the denominator of the rational 
firaction has all its simple &ctors rational and some of them equal, the 
integral is determinable, and can consist only of algebraic and logarithmic 
functions. The result is the same if imaginary &ctors enter, but we 
prefer to make this a distinct case. 

Before examining the case in which the denominator of the fractional 
coefficient contains imaginary &ctors, we shall add a few more examples, 
in the two cases already considered, for the exercise of the student 



11. To integrate 



.d»» 



J. 



d« — ^ 



12. To integrate 

d% 



«» — 7*« + 12j 

13. To integrate 

14. To integrate 



(a -h h%f 

/ xdx _ a + ^ bx 

(a-f 6«)»"" 26»(a-f-ftJt)'* 
15. To integrate 
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/ 



. dx. 



16. To integrate 

x»— 3 J 

. — dx. 

;c3«- 7x4.6 

(13.) It remains to consider the case in which imaginary factors enter 
the denominator. 

The imaginary roots of an equation always occur in pairs and are oC 
the forms 

x= «4-/3>/ — 1 and«=«--/J>/ — 1, 
so that the quadratic &ctor which gives these roots is of the form 

a» — 2«x + «» + i8» = (« — «)« + j8», 
and, therefore, the correi^Qding partial fraction of the form 
Mx-f-N 

which cannot be decomposed into rational partial fractions ; but, if there 
enter into the denominator of the proposed several equal quadratic 
&ctors of this kind, or, which is the same thing, if there enters as a 
factor the power 

the corresponding partial fraction will be of the form 
Pja»»-i ^ Qxam-a ^ w 

or, by introducing the indeterminate coefficients A, B, C, &c. these may 
be so determined as to render this fraction identical to 

Ax + B -h (Cx + D) {( x-^y + (3^] + (Ex + F) {(x->)»H- i3«}'4-<fec. 
{(X— )« + ^}- 

the last factor in the numerator being 
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(I*+K){(x~«)»4.i3«}— 'J 
hence the partial fraction (1) is equal to the sum of the tractions 
A^ + B Cx+D Ix-f K 

Knowing, therefore, the form of the component partial fractions, we may 
readily analyse any rational fraction when we can find the simple fiu^tors 
of its denominator, whether these be rational or imaginary. 

From the form of decomposition just establiidked when equal quad- 
ratic factors enter the denominator, it is obviously necessary, in order 
to complete the integration of the class of differentials considered in 
this chapter, without using imaginaries, that we know how to integrate 
the form 



{(x--)» + |3'}- 
which, by putting e for x — a, becomes 

Az + A^ + B ^^ 

or substituting a for Aa + B, 

Atdx , adz 



The first of these forms we know how to integrate, having considered 
it in (4), its integral is 

2zd% A 



A r I 

2 J («»- 



it remains, therefore, to integrate the form 

-J!*_ (3.) 

Now this integration we cannot immediately effect, but it is easy to shew 
that the integral could be obtained, provided we could integrate 
dz 



(»»H-i3«)"-» 



(4), 



because, if we multiply both numerator and denominator of this by 
^ + /3*, we have 
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^» ^d% ^« 

(•» + /3»)— » - (s« + /3»)- "^ («» 4 ^)- ^^^' 

and if to this equation we add 

. I dt 2(m— l)>«<fs 

the integrals of the results are 

t P d% p dz 

substituting this value in the integral of (5), there results 

J (,a ^ ^)*-i ^2m — 3) («» +/3«)«^» ^ 

2w-3 ^ (s» + /3«)«»' 
and consequently 

r ^! =. ! + 

Hence^ as remarked above, the integral of (3) depends on the integral 
of (4), and, by the same formula, if m — 1 be substituted for wi, the 
integral of 

dz 

will become dependent on that of 

dz 



so that, by first determining the integral of , which we already 
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1 Z 

know to be (7), — tan.-* — we may, by the formula (6), detennine 

P P 

in succession 

/ dz n dt p dt 

We shall, in the next chapter, shew how such integrals may be ob- 
tained, by another and more general process; we 9e^ here that they 
always involve a circular function. The following are examples of these 
integrals. 

(14.) 17. Let it be required to integrate 



«» — 1 

The Victors of the denominator being 

* — land jp'4'X+ 1> 

the latter involving imaginary factors of the first degree, the form of the 
decomposition is 

and from this equation we are to determine A, B, C ; therefore, reducing 
to a common denominator, and equating the like powers of x, in the 
numerators, as in the former examples, we have the conditions, 

A H- B =0, A + C — B = 1, A — C sbO. 

If we add these three equations together, we get 

A = J.-.B = -J,C = -J, 

consequently 

The first of these component integrals is \ log.(4r — 1) and the second, 
being put^under the form 

X — 1 



'fd 



and z being substituted for x -f i^, becomes. 



*p» 
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1 p zdz 1 /* dz 

~|log.(,«+|)-f ^tan-^. + C; 

hence, restoring the value of Zy and collecting together the three com- 
ponent integrals, we have 



f-^JTl ^ == I {»<>«• (* — 1) - * !<>«•(*' + * + !) + 
18. To integrate 



^3tan.-»?^}-|-C. 



Here we must assume 

/r*+.2T» + 3a«-f-3 __ Ax-f B Ct -f D E 

from which we get, by actually adding the partial fractions and equating 
the numerators, 

Ex«-f- Cx»+ (D -f 2E)«« + (A + C)*-h B -f D -h E, 
consequently 

E = 1, C = 2 .*. D = 1, A = ->2, B == 1 ; 
hence we have to determine 

^c/ 2^ + 1 

The two first of these integrals are, omitting the arbitrary constants, 

1 . 1 . 

2(^-f-l)» *»-hl' 

also, by the formula (6), / 
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/ ds _ X 8 p dt 

(x«-fl)»*"4(««-|-l)«"^4y (««4-l)» 

i6 p dx 15, 

8*7 «» + l 8 

llie first row of vertical terms on the right hand of the signs of equality 
are together equal to the sum of the three remaining integrals, therefore 
adding these to the two akeady determined, we have 



/ 



*x* -h 2«M- 3a» -f J __»+» , T«— 8 



(.*-hl)« 4(^ + 1)*^ 8(*»+l) 

19. To integrate 



^tan.-«r + C. 



j«^X + l 



dx. 



s 



^+^;t+i '^=T'°g-<*+^>-T^''g-<''+'>- 



-i tan.-' * + C. 



« +><».. 



20. To integrate 

-^^«-_, log. -,=^=^+_^t«..-._^ + C. 

From what has now been done it appears that the integral of any diffe- 
rential whose coefficient is a rational firaction can always be determined 
by means of the elementary algebraic, logarithmic^ and tangential forms, 
provided we can decompose the denominator of the fractional coefficient 
into its constituent &ctoi8. Hiere are several irrational forms which 
may be rationalized by means of certain transformations and reductions, 
and which may, therefore, be integrated by aid of the principles already 
laid down. We shall now consider the principal of these irrational 
forms to which general processes apply. 
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Reduction of Irrational Functions to Rational, 

(15.) The simplest irrational function which can occur is that which 

consists of monomial terms only, and these are very easily rationalized; 

it will be necessary merely to reduce the fractional indices of the 

variable .r to a common denominator m, and then to substitute z** for x. 

1. Suppose, for example, the differential 

were proposed, then, since the common denominator given by the re- 
duction of the fractions i, i, is 6, we must substitute sfi for x, which 
substitution reduces the differential to the rational form 

-^ 5_ ez^dz = — dz. 

Since the highest exponent of z in the numerator of this expression 
exceeds the highest exponent in the denominator, we must perform the 
actual division, by which we get 



, 6 — 2a , 



/ 



conseque^tly 

6«« — 2a8« , .68 6 — 2a 

(6 — 2a)8 -f (2a — 6) log. (« — !) + C. 

In this manner it is obvious that we may render rational and then inte- 
grate every differential included in the general form 

JUL _P. 

a«r * -f- Ad? « + <fec. 

- dx. 



=1 2l 

a'**' + b'jc ''+ <fec, 



2. As a second example, the student may take the differential 
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f- 



1+.' 

the integral of which will be found to be 

1+x* ^ ^ 

log. (jc*4-l) + tim.-»x*. 

(16.) If the Buidfl which enter the function, instead of being mono- 

mialy are binomial, and all of the form (a + ^) * , the function may 
likewise be rationalized. For i^ as before, we reduce all the fractional 
exponents of (a -f 6x) to a common denominator p^ and then asfume 
a-^-hxzszz^j the coefficient of dx will obviously be rational, and dx 

p2P^^d2 

will become , which is also ratiopal; hence such a function 



will be thus rendered entirely rational. 

1. Suppose for example the differential proposed were 

dx 

'J a + hx 
Pulling a -f 6j? = j8« we have 

_ 2zJ> 

ix Mx . 

^a + 6a? "~ h 

... /^_ =3 Z-^'^^S ' +C-I4+5 + C. 
*/ »Ja^bx t/ * b 

2. Again, let it be required to integrate 
xdx 



(1+*)*. 

Substituting «* for I -for, we have a?s=2* — 1 .\xdxsi2 («• — 1) «rf*; 
hence 
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Sidx 2(s»— l)d« ^_, 2rf« 

. ^ r = 2a2 — — =— 

*/ (1^-^)1 ' VI 4- a' 

Q. As a third example let it be proposed to integrate 

dx 

Here the transformed expression in z will be found to be 
2dz 2<fe 

the integral of which is either 

— -- log. J- ^^^or--;=:taii.-» J — i — > 

according as the first or second form is taken. If the differential had 
been 

dap 

xis/bx—a 

then the expression in z would have been 

2d% 2dz 

-or- 



of which the integral is 

2 ^ , 1 6a?— a 2 , ^bx — a — '^ — a 
— J— tan.-M or . log. 

It is th^s i)bvious that we may always give to the integral of 

bd% 
%^ ±a 

either a logarithmic or a circular form, whichever we please, but one of 
these forms will necessarily involve imaginaries, and will therefore be 
in general less suitable for the purposes of calculation than the other. 
(17.) There remains one more class of irrational differentids which can 
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be rendered rational by a general process; these are such as involve no 
other irrational terms but those of the form 

V a + &j? -f c«*, 

which form may in every case be rendered rational, by applying the 
principles of the diophantine analysis, and consequently every rational 
function of it may be rendered rational. 
First, let c be positive, and assume 

±-f.^-f«» = (^ + .)»=^ + 2^H-,«, 
c c 

from which equation we get 

a — cz* , 2<? (a — 62 + es*) _, 

hence 

Va + &p+ca?« = (^ + 2)>/<? = — 2^7=4 "^ ""'' 

consequently, by the proposed transformation we obtain ibr the ina- 
tional function of Jt* an equivalent rational function of z, and as also x 
itself is a rational function of r, dx must be a rational function of «; so 
that differentials of the proposed form are thus rendered entirely rational. 
Secondly, let c be negative, and let a and j3 be the two roots of tl^e 
equation 

C C 

then, by changing the signs 

having thus decomposed the expression under the radical into its simple 
factors, we shall assume 

>/(a. — »)(j3 — *) = (^ — «) Zy 
from which we get 

whence 
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therefore 

hence, by substitution in the original assumption, we have 

which is a rational expression, and so likewise is the expression for x, 
and therefore the expression for dx must be rational too. 

It appears that when, in such inational differentials, as we are now 
considering, the coefficient of a^ is negative, it will be necessary, in 
order to rationalize them, to determine the roots of the quadratic func- 
tion under the radical, after changing the signs of the terms ; but when 
the coefficient of jt' is positive, this preliminary operation will be un- 
necessary. We shall add an example or two of these forms: 

(18.) 4. Let it be proposed to integrate 

dx 
^a + cx* 
Here we have to rationalize 

V a 4- Ox + ci« 5 
therefore, proceeding as in the first case above, we have 

and, consequeirtly, 
that is, since 



1 =ss — -— V a -f cjt" — X 



- r , ■ = 7-log. C {V a 4-ca?2— -arV 



e}. 



As the sum of the squares of the terms within the brackets is s= o, if 
We divide by the constant log. a, which we may incorporate with the 
curbitrary constant log. C, the form will be changed into 
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/—==-)- log. C {^ a+c^ + * s/ c), 

and a similar change may be efiected on the integral in the next 
example. 
If we put the proposed differential under the fonn 
dx 

the corresponding form of the integral will be 

5. To integrate 

ds 



Proceeding as above, we have 

that isy substituting for z its value 

.-_>/a + &* + c*» 
* — ■ . « 

/-7==^^== = ^log.C {2s/c (a + *x + c**) — 2cjr — 6}. 

6. To integrate 

dx 



Having determined the roots 4^/3 of the equation 
a9 — hw — a=sO, 
we have, by proceeding agreeably to the second case, above, 

consequently 

*/ V a 4- *x — «« ^ * -H 1 

or, restoring the value of ar, 
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/'-_^L_3-=C-2tan->|£z:^. 
xJ a -{- bx — or x — « 



7. To detennine 

da 

dx 1 



/da 



8. To detennine 



/ dx 



r ,^ =-i-iog.c 

9. To integrate 



1 N/a*"+l^-|-_o 



e{j? 



(1+^)V1— a!» v^ VI— ip2 

10. To integrate 



<^ 



*' >/ 1 4- a? -f i»» 
11. To integrate 



fi?<V 



/dx , 4 — a? , _, 



12. To integrate 



tfdd? 



r .J!fL^ = alog.C(a?H-a-f ^2«^-f-^> 
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Besides the irratioDal forms considered in this chapter, there are others 
also reducible, by general rules, to rational forms. These, however, 
being all only particular cases of a more general form to be examined 
in the next chapter, they more properly come under notice in that place. 
We ought, perhaps, before dismissing the subject of this chapter to 
apprise the student that there -exists another method of determining the 
coefficients A, B, C, &c. in the numerators of the assumed partial frac- 
tions, which does not require the equations of condition necessary in 
the method of indeterminate coefficients which we have employed. 
But, although this second method is in some cases shorter than that we 
have adopted, yet, as it is less simple and obvious, we have preferred 
the latter. The other method is explained in note (A), at the end of 
the volume, to which the student may refer. 



CBAPTBH IZI. 

ON THE INTEGRATION OF BINOMIAL DIFFERENTIALS 
IN GENERAL. 

. (19.) The object of the present chapter is to solve the following 
general problem, viz. 

To integrate the form 

0^(0 + haf^) 9 dx , . . , (A), 

in which m, w, p, are either whole or fractional, positive or negative. 

We shall' first remark that this general expression may always be 
changed into another in which p shall be the only fractional exponent, 
and in which n shall be positive. For if we reduce the exponents nt, 
n to a common denominator 5, and then substitute zq for x, p will be 
the only firactional exponent in the transformed expression: if after this 
the exponent of z within the parenthesis should be negative,, we have 
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only to substitute — for z and it will become positive; hence the inte- 

' y 

gration of every differential of the above form may be obtained provided 
we can always integrate when n is integral and positive, m being either 
a positive or a negative integer, and p any number whatever; so that, 
in &ct, we need consider the above form only under these conditions, 
although, in what follows, this is not necessary. 
Substitute a for a + 6j?* and there results 



dz 







.=(- 


I — a 


J. 






b 




...^=(i 


^>' 


.-. «-- ' 


rfj? = 


- '.(- 


-a) 








nb- 








1 




-+i 




• 


•.«-»rf^ = 


■('- 


-a) » - 


'<"-; 






nb " 








ce the general 


form becomes 










1 
nb » 


(.'- 




-.*. 




.™i,"+' 


should \ 


lannpn 


to Iv 


». SL whole 


nun 



n 
exponent of {z — a) will be a whole number r, and we shall tlien 
merely have to integrate the form 

(z--ay tPdz, 

which we can always do whether r is positive or negative; for if it is 
positive (js — ay is, when developed, a series of monomials, and thus 
the integration is finally dependent on tYie jQri^ z'dz; if r is negative 
and ^ be the denominator of the fraction p^mi, by substituting y* for 
z, the form is reduced to a rational fraction. Hence the form may 

ahoayt he rendered rational when is an integer. This is 

n 

called the condition of integiability. 



Digitized by 



Google 



tHE INTEGRAL CALCULUS. 37 

(21.) By adopting a little artifice we may easily arrive at another 
transformation of the general differential expression, and thence obtain 
another condition of integrability. Thus, divide one of the &ctors 
{a -f bx**)p of the proposed by jc*p and it becomes {ax-^ + b)p; 
multiply the other factor x*» by jc^p and it becomes jr"*+v, so that the 
proposed is the same as 

Substitute in this z for «r-» -|- b and the resulting transformed expres- 
sion can differ from that before obtained only in this, that a and b will 
be interchanged, that — n will appear instead of n, and m-^np instead 
of m ; hence the transformed expression will here be 






— .(z — b) * ^' iPdz, 



Hence the form may be rendered rational when ^ p u an in- 

teger or 0. 

The foregoing are the only cases of the general form which in the 
present state of analysis can be rendered rational. The following 
examples satisfy the conditions of integrabiUty. 



EXAMPLES. 

(22.) 1. To determine the integral of 

x' (a ^ bje^^ dofJ 
In this example 

»ti=3, «t±:2, » = iand — X— = 2, 
n 

the first of the preceding conditions is therefore satisfied, and the trans- 
formed differential is 

in which 



consequently, taking the integral 
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6b^ 3^ ^ ^ 5 3 ^ b^ ^ 

2. It is required to integrate 

ar-^ (a + a^)~* dx 
m = — 2,« = 3, /!=——, -^:— ^-;, = — 2; 

hence the second condition of integrability is satisfied, and the trans^ 
formed differential is 

a-* _s 
— (z— l)s ^dZy 

of which the integral is 

where 

a?* 
consequently, 

/-^'(a + ^psd^ziz — ^! r + ^' 



2a«a? (fl + ai»)^ 

3. To integrate 

/A'»(a2H-aj3)J<ir=^(a9H-a?»)i(4^ — 3a»)+ C. 

4. To integrate 






(1-f a?«)?'"^/l +** 
5. To integrate 



a?* (a + 6«»)* dd? 
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in which 

• r = a + bx*. 

(23.) When the conditions of integrability are not satisfied, the pro- 
posed differential may then be referred to otiier general formulas called 
formidas of reduction^ and which reduce the integration of the proposed 
expression to others of a simpler kind. These formulas are obtained 
as follows: From the known form 

duv := udv -f vdu 

we have, by taking the integrals 

uv:=sfudv -^-ftfdu 

.'. fudvssuv — Cvdu . . . . (l)y 

a formula which reduces the integration of udv to that of vdu^ and 
which is known by the name of integration by parts. 

Let us now compare yWt? with the integral ft^ (a -\- bx^y dx in 
supposing 

(a -\- bj^y = u, jB^dx 3= dv .•. v ^ ■ — r-r , 
and we shall then have, by applying the method of integration by parts, 

m putting as before 

a 4-&sp*s=« 

JB^+* onb 

fat^daa^^; — —- ^5L__^/^+»jf-i^ .... (2). 

•^ ^-flm-J-1 

3y this formula of reduction we see that the integral of any differential 
of the form (A) is made to depend upon the integral of another diffe* 
rential of the same form, but in which tlie exponent of z is diminished 
by 1, and the exponent of jt, without the parenthesis, increased by n. 
From this we may deduce a second formula, for since 
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it follows that 

/x«»^dx==fl/x»tl^»djc + */«"•+•• »F-«rfx .... (3). 
Subtmct this from equation (2) and there results 

a/i*" »J^» dxs^tf ^^- H; i^fjm-^n j|»_l ^^ 

or, substituting p for p -r- 1 j 

'^ c(m + l) fl(m4-l) -^ 

by which formula the integral is made to depend upon anodier of the 

same form, but in which the exponent of x^ without the parenthesis, is 

increased by n. 

The two formulas now given may obviously be useful when m is 

negative; it may be remarked, however, that both &il to be applicable 

when m + 1 = 0, or when m = — 1, but in this case ihey are not 

m + 1 
wanted, because as then = the condition of integrability is 

n y 

satisfied, and the proposed form may therefore be rendered rational. 

If we transpose the integrals in the formula last deduced we slmll 
have 

/jr«+»£l»rf*=:il'.+>. -— — -- 

«(m + l) 



(/m + n + OT-f 1)4 
which, by putting m instead of m -f n, becomes 



yi*" %f dx, 



a formula which causes the proposed integral to depend on another of 

the same form, but having the exponent of x without the parenthesis 

diminished by n. 

If instead of subtracting equation (3) from equation (2) we had 

tm 

multiplied it by and then added, we should have had 

!» -f 1 
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^ ^ fW + K-' m-fl^m-f-l-' ' 

whence, dividing by the coefficient — , we have 

by which fonnula the integral depends on another having the exponent 
of the binomial less by unity. 

By multiplying this last formula by the denominator and transposing 
the integrals, we have 

apn apn "^ 

which, by putting p for p — 1, becomes 

a(p-^\)n a{p + l)n 

a formula which may be useful when p is negative. 

Ill i_ •< 

In like manner, by multiplying the formula (2) by -— and trans- 

pnb 
posing the integrals, ^e have 

pno pno 

which, by putting m instead of wi + « and p instead oip — 1, becomes 

For the convenience of reference we shall now collect together the 
several formulas deduced in this article, and ^e shall thus have the 
following 



e2 
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(24.) TABLE OF FORMULAS FOR THE REDUCTION OF THE INTEGRAL, 

I* (« -f 6x»y dx or fi^xf dx, 

I. 

fx-^tPdx:=tP. r"^\_, + 71^^ f'^'^'^• 

II. 

m. 

•^ a{p'^\)n^ a{p-\'\)n 

IV. 

V. 

(j9» -|- w -f 1)6 (pn -^ m -^ I) b '^ 
VI. 

a(m-fl) a(m-fl) *^ 

Either of these formulas may under certain relations of the exponents 
become inapplicable on account of the denominator vanishing, but it 
will be easy to perceive that under these same relations the differentials 
proposed maybe rendered rational. We shall now apply the foregoing 
formulas of reduction to some examples. 
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EXAMPLES. 



(25.) 1. To integrate 



m*(x« + a«)-'d«. 



To this expression we may conveniently apply the formula V., from 
which we have 

/ x^dx _ X* ^ , / * x»dx 
x'^a^^ 4 "* ^ *"» + «* 

we have thus reduced the integral to ihe known form 
therefore 

?T^= — --¥- + -^ '»«•(«' + «•) + *^- 

2. To integrate 

x^dx 



s/a-{'bx^' 
Applying to this expressicm the same formula we have 

/x^dx ^ . 1 , IX* 4a 1 

s/a + bi^ 5b 5b -^ 

/x* s— a «?« = ^a . fxz-^dx, 

also 

fx (a -f 6x»)-i dx = '^^^-fc^ , 
6 
consequently 

/x^dx x^'s/^lTb? 4a „ / —■ 8a2 / '- 
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3. To integrate 



>/r— J* 

By the same formula (V.) we have 

and making m successively equal to the odd numbers 1, 3, &c. this 
equation gives 



J ^/l^;^ m ^ m J »J\^x^ 

Substituting in each of the right hand members the value of the 
integral as given by the preceding equation vre have 

/•--£ji_=_>/-r=7»+c 

1-3-5'T' ^ 
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y-» x*" dx 1 m — 1 



(m-3)(m-^l) 






(m— 4)(»»— -2)m 

^l-3-6-7 IB ^ * 



Let now m be assumed successively equal to the even mimben 0, 
2, 4, &c. For m = the formula is inapplicable, but the integral for 
this case is given at art (8), and is sin.-* x + C; therefore 

/-;=^= = sin .-' « + C 
V 1— »» 

that is, substituting for the integral in each right hand member its value 
given by the preceding equation 

f , ^ = sin.-* X -}- C 



i.,N/l_^ + i.8in.->x + C 
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(^-3)(m-l) 
()» — 4)(m — 8)i» ^ 

^^2 • 4 • 6 . **- 

96 * 4 \iQ> • • fit 

4. To integrate 



By the formula VI. we have 



= 1 fidls to be applicable; but example (8), art 
-—__=:— log. — ^—;; h C ; 



(2), 



which for ;» = 1 fidls to be applicable; but example (8), art. (18), 
hence, putting m successively equal to 1, 2, 3, &c. we have 



/ cfcg >/l— j?» 1 /» dj? 

flRr ^ n/ 1— t» 3^ /* djc 



Digitized by 



Google 



THE IKTEORAL CALCULUS. 



47 



that is, by substitution, 

= — log. ^-^ 4- C 



lilr 



a-i-f >/ 1 _- :^ 



/ dx 



^>— l,og.i±^i^^ + C. 



8«» 



1 • 3, 1 + V'l— «» , ^ 






1 -S'g 

2 -4 -6 ^o»- 



-H-C 



(m-4)(m-2) 
"*" (ot— 6) (m— 3) (m — l)x«-^ "^ 

l>3-5 (m- 2) ^y^p __ 



^'^'^ ("^^> log. l + >/i-^^c 

2-4-6 (m — 1) * X ^ 

If we put m successively equal to 0, 2, 4, &c. we have 

/— — =1= = sin.—* X -\'C 
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/ Ax _ 



3a^ "*" 3 



/dx 






5^ 



/ dx VI — 3^ m — 2 /» dx 

or, by substifuting, 

/ , ^ = Bin.-> X + C 
VI— ip» 

J af'^T^^ ^5a* ^ 3-5^ ^ 1 -a-s*^ ^ 






m — 2 



^-•>/l_<p3 *(»» — 1>"^* (w— 3)(m — l)j?-»-«^ 

(m — 4) (m-2) 

(m — 5)(OT— 3)(m — l)x"^* 

1-3 -5 {m—\)x* ^ 



5. To integrate 



af^dx 



*J 2ax — «* 



This expression is the same as 



'Ux 



V2a — « 
and, comparing this with the formula V. we have, for m, a, bj n, and p, 
m — i, 2fl, — 1,1 and — \y therefore 
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/ a^(U __ a?»^»>/2iJ^=^ q (2m - 1) /* Jf«~'rfJ? 

so that, by continuing thus to diminish the exponent m, the integral of 
the proposed differential will finally depend upon 



/; 



= versin.— * — a? + C. 



6. To integrate 



If m is greater than, or equal to, 2, this differential may be reduced by 
formula IV. or V. or by the application of both to the forms 

dx xdx 

according as m is even or odd. The integral of the second form is 



but the first form is not generally integrable, unless j)' is i, or some 
multiple of it, in which case it may be further reduced by formula III. 
and will finally depend upon 

/dx t 

-^== = log. C(*+x/«« + ^). 

If m ^ and p be a whole number, formula III. gives 



/ 



dx \ X 



(a« -f a^)f ""2 Q» — 1) a* (a^ -f ««;^» 

which is the equation otherwise deduced in art. (13), 

T. To integrate 

dx 






Digitized by 



Google 



50 THE INTEGRAL CALCULUS. 

8. To integrate 



(a -}-&»») * 
for the odd values oip. 

f — 7= -TT-log- {* V * + >/ a-f. 6«»}+C. (Se©cx.7,p.34) 

/— 



dx X 

-—,=—7== + ^ 



/ dx - 1 2 .. ^ 

f-Jl—^l \ + ! + 



&c. &c. 

9. To integrate 



xl^dx 



^y a + bx^ 
for the odd values of m. 



f ^dx _ v^v:p^ , 



&c. &c. 

10. To integrate 

X^dx 



'^ a -^bx^ 
for the even values of m. 
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L + C 



r-7=^={^-^} N/TTft?+i?lL + c 

&c. &c. 

11. To integrate 

for odd values of m. 

- ^ d:r = >/ a +6x« + ^/«log ^ ■ ^^ + C 

&c. &c. 

When the proposed binomial cannot be reduced to a form integrable 
by the preceding methods, then the only general mode of procedure is 
to develope the binomial in a series, and to integrate each term sepa- 
rately. The method of integration by series will be treated of in a 
future chapter. 
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ON THE INTEGRATION OF LOGARITHMIC AND EXPO- 
NENTIAL FORMS. 

Logarithmic Forms, 

(26.) But few of these forms are capable of integration by any 
general process at present known, except, indeed, by the method of 
series, which furnishes, however, but an Approximation, and should 
therefore be resorted to only when exact methods fail. 

To integrate the form ^. 

X log.* xdx, 

in which X is a function of x. / 

If, in the formula for integration by parts, viz. , ^ 

fudv = uv — fvdu, 
we suppose 

dv zss Xdx, U =: log.'f , 

we have 

d»^ 

fXdx log." X = log." xfXda --/(fXdx • n log.«-> x — ), 

or putting, for brevity, 

/Xrfx=:X, 

/Xrfxlog.«x = log."x'X, — » y -i log.«-» ffrfa: .... (1). 

If n is a positive whole number, the successive application of this for- 
mula will finally reduce the integration of the proposed form to that of 
an algebraic function, so that the proposed will be integiable, provided 
we can integrate, in succession, the algebraic functions 



Xdx = fl?Xp ^ d* = (/X„ —^d»z=z dX^y 



«fec. 



To give an example of the application of this formula, suppose we had 
to integrate 
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« log.« dx 
"s/a' + x* 
Here 

Va* -h X* Va«+x* 

consequently the final integral will be 

which we may at once reduce by the formula I. last chapter; or, if we 
multiply numerator and denominator of this by the numerator, we have 

xVo*4-x» t/ Va«4-x« */ X Va" + x« 
and, (ex. 8, p. 34,) 

consequently, by the formula (t), 

fl^^ = log. . . ^/i«-+^-^/;?+? + 

alog.:!5!±Z±fi+C. 

X 

(27.) One of the most useful cases of the above general form is that 
m which X ^ x»^ the form then being 

od^ log." X dx, 

and for which the formula of reduction (1) is 

x"*+* n 

Tx" dx log.» X = -— log.« a? r-r /«~ log.»-» xdx . . . (2), 

»» 4" 1 >» -|- 1 

x"*+* w — 1 

, • . / x*" dx log.^-'x = — — — log.»-*d?— / x» log."-* X dx 

**"+* n — 2 

/x« rfx iog."-»x = — — iog.»-»^ rrS^ iog.«-» dx 

f2 
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x*+* n — 3 

8tc. &c. 

iience, substituting for the integrals, on the right, their values as given 
by the succeeding equations, vve have generally 

/^<tolog.-*=-£i^{log.-x- _^log.«-. x + »-il=jg,log..--a. 

_;^0-dI^),Og-. + *c.}+C .... (3). 

This series terminates whenever n is a positive integer. It fails to be 

applicable, however, if ?« = — 1, in which case the differential is 

dx 
log." X . — = log." X . d log. X 

X 

.■./log..,.5=i^+C, 

X « -f- I 

SO that, in this case, the formula is not required. 
This last expression, if n is negative, becomes 

/ dx log.— *+>ir 
X log." X « -f 1 

80 that, calling this v and XW+*, w, the formula for the integration by 
parts gives 

/x'^dx _^ ^+* m + 1 /* af^ dx 

log."d? ^ (« — 1) log."-^» X "^ n-'lj log.»->"*~ ^*^' 

or, proceeding as in the former case, 

/d?" rfa? __ d?»«+' 1 m -}- 1 1 

log*iP n-^\ Mog."— >a? » — 2 ' log."-^^ "^ 

-('» + '>' '+....} + 



(« — 2) (» —3) log.»-3 X 

(m + l)"-^ Pc^Jx_ 

l-2-3....(«— l)c/ log.* . . . . W> 

Px^dx 
beyond the integral / the reduction cannot be carried, for the 



log.x 
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formula ceases to be applicable when n becomes = 1 . This final inte- 
gral may be put in a somewhat simpler form by substituting z for 

(tc log. z 
x«+*, for then jr"» dv == , and log. x sas , consequently 

dz 



/ af^dx /» dz 
log. I ""t/ log. 



which expression, simple as it is in appearance, has never yet been in- 
tegrated except by series. 

When n is a fraction either positive or negative, we may, by means 
of one or other of these formulas, reduce the integration to that of another 
expression of the same form, in which n will be comprised between 
1 and — 1, which final expression must then be integrated by series. 



EXAMPLES. 

(28.) 1 . Required the integral of r* dx log.» j. 
Since here m= 3 and n=2, the formula (3) becomes 

x^ 11 w^ • / 

Cofl dx log.^ j? = — {log.» X— -J log. > -I- -. } + c. '^ ^ 'g 

2. Required the integral of 

d?* dx 
log.*x ' 
The formula (5) gives 

/ x* dx j^ p x^ dx 

log.*^ log. Ji J log. X ' 

This last integral, as before observed, cannot be obtained in finite 

terms; but, if we put z for x^+^, the form, as before shewn, becomes 

dz 

Now, if log. z be u, then {Diff. Calc. p. 29), 



/ 



log. z 



' = *"=• +» + Y + 2T3+*<=- 



consequently 
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= C + (log.)' ' + log. » + -^^ + -^T^f + *«• 



/ 



log. X -TK^y . o ^ 2» ' 2 • 3« 

3. To integrate 



dx 



X log." X 



/- 



dof 1 

rsaC- 



X log." X ( w — 1 ) log.*— » X 

4. To iutegrate 

X* dx 



log.^ X 
X* dx i« 5x» 



log.'x ~" 



log.'x 2log.^x 21og.x 

I {(log.). :^ + log. X. + i^l^V ^ + *c.] + C. 

(29.) It may be here remarked that the formula (2) is rather more 
comprehensive than it appears to be, for, by attending to the manner 
in which it has been deduced, we readily perceive that it equally holds, 
when instead of j:"*, we substitute {x ± o)"*, so that the integral of 

(x ± a)"» dx log."x 

will be given by the right hand member of (3), provided that in the 
factor vdthout the brackets we change x into x ±. a. 

The same is true of the expression (5), although we cannot legiti- 
mately infer this from the manner in which we have deduced the for- 
mula (4). If, however, as in the first case, we commence with the 

X dx dx 

more general form - — — , which may be vmtten Xx . — ; , 

log." X X log."jr 

then, since 
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/dx P dx\og-*x _ log.-«+^ ^ 1 
OP log." J? J X — « + l (*•— l)log.*->x' 

we shall have, by integrating by parts, 

/ yjdx X x _J__ r rf(Xx) 

log.» X ■" (« — 1 ) log."-* X "**"»— 1 t/ log."-> X ' 

or, if X = j"», 

/ x"*rfx x ^+' , »»-hl p ^dx 

log." X (« — 1) log."-> X n — \ J log."-* X ' 

in which obviously {x ± a)* may be put for jr*. 

Exponential formi, 

(30.) Let us now consider exponential forms; these, like logarith- 
mic, are for the most part unintegrable exactly. 

To integrate the form, 

a* • «"• dx. 

Putting in the formula for integration by parts 

a' 

u = X*, iff; = a' rfx .'. p = , 9 

log.a 

it becomes 

* X*" a' tn A 

' log. a log. a^ , , . , 

•P*"""* a* m — 1 

. • . /x*"— ' a*dx=z — ; ; / x"»— * o* dx 

log. a log. a "^ 

/x«-» a* (toss -r ; fx""-^ a' dx, 

•^ log. a log. a "^ 

&c. &c. 

Consequently by substitution, 

a* - ^ ntx "^* , i» (w — 1) x«-^ 
^^a'rfx= j^^-^ {^ -____+ j_j- 

1 2'3....>it 
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the Upper sign of the last term having place when m is even^ and the 
lower when m is odd. 

When m is negative, the series within the brackets does not terminate, 
and is therefore inapplicable; but if in this case we put 

« = «', rf«; = r-d* .-. r=: ^J^^j^, 

the formula for integration by parts will give 

/a'dx €^ . lo g, a P a*dx 
*» ~ (w — l)x«»-» »i — 1^ x«-» 

/a 'dx a^ , log, a / * a'dx 
">-» ~ (m — 2)x«»-*"*' m — ^J x«-* 

/a'dx ff* log, g p a'd x 

therefore, by substitution, 

r_o^^_ o^ log.fl log.»a 

J ^ ^ (w— l)x"*-» * ^m — 2 ^(w~2)(m— 3 ^ 

"*" (m— 2)(w--3) i^ ^■^l-2-3...(m— IV ~~Jf~* 

/a' dx 
is not rigorously determinable, but it may be 

approximated to by series. 

EXAMPLES. 

(31.) 1. To integrate 

a' dx 



x8 
The formula just deduced gives 

a* dx 



/a'dx a' f, , , » . log-'a P ' 



X 

but if we substitute for a* its development {Biff* Cole, p. 29), we have 

a'dx dx 11 

- + log. a dx -{-(■— log.* a • a? -f — — log.' a • a* -h «fec.;rfj? 



a? • ^ ' ^2 =» '2-3 
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\f ^ — = log.*+log.a.«-h ~log.««- YT2 4- 
— logr.' a • V dfc. 



Hence 



{ log. s + 
2. To integrate 



log.'a . 1 x» 

2 I log- * + log. «'*+Y log.* a • YTl + ^-1 -I- C. 



r_a^j «' c • 3d?* , ft* * . . ^ 

log. a *^ log. a log.'a log.'a^ 

3. To integrate 

e» • j?rfj? , 

4. To integrate 

o* • xdx 



iP + xy 

where y^zh -{-a. 

5. To determine a general formula for the integration of 
or-* af^dx 

or-* , , fnaf^^ . m (m — l)d?«~« 
far-^dx^-^ —^{^^^-— + ,^,, + 

^ log.«a *^ 



• By putting I + ^ = Y, this will b« transfonned into 

1 eV dy ey dy ^ 

T * y y* 
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ON THE INTEGRATION OF TRIGONOMETRICAL AND 
CIRCULAR FUNCTIONS. 

(32.) In considering the differential expressions whose coeflScients 
are functions of trigonometrical lines, it is obvious that we may confine 
our attention to those only which contain sines and cosines, since all 
the other lines may be converted into functions of these. As in the 
former chapter, so here, we shall treat of those forms only to which 
general processes apply, omitting all notice of the almost infinite variety 
of combinations which might be devised, and for which the calculus in 
its ^r^sent state supplies us with no rule of integration. 



(33.) To integrate the form 

sin.** X COS.* X dx. 

To this 'general expression we may apply the method of integration 
by parts, first ^^tting it under the more convenient form 

V-^ sin.*"— * X COS.* X gin. x dx, 

for, comparing this v^^ the formula 

/ udv =r uv — fvduy 
by assuming 

tin.*»— * x=iUy COS.* X sin. xdxss. — cos." * d cos. x ^ dv, 

and therefore 



cos *^^ X 

(m — 1) 8in.*«-* X cos. x dx=sdu, ' = v, 



n+l 



it becomes 
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/sin.* .r COS.* x ox = 

^ 2 

-I- -r-Zsln.'"-* T C08.»+« X rfj. 

n-\'\ 

This form may be somewhat simplified^ for, by substituting in the inte* 
gral on the right 

COS.* X (1 — sin.* x) for co8.»+* x 

it becomes divisible into the two 

/sin."*-* X COS." X dx — ^/sin.* x cos.» x dx \ 

making, therefore, this substitution, we obtain from the result 

- . ^ . J sin.*-> X cos."+» X 

/am."* X COS.* x dx^ — 

m-\-n . . 

m — — 1 

H ; — -/sin."^«afcos."j?(to 

m-\-n 

r • «_a . J sin.»-^ Of C0S."+» J? 

.•. /8m."»— ' X COS.* X dx'=. 

m — 2-|-« 

m — 3 - , J 

H -— — /sin."*-* X COS.* X dx 

m — 2 -f « •' 

^ . „ . .J sin."*-* a? cos.*+* x 
/sm.**-* X COS.* xda=s: — 

/sin."*-* J? COS.* a? dx, 



m — 4 4" « 
- ; &c. Sec. 

Hence since the exponent m is thus diminished by 2 at each suc- 
cessive application of this formula, while the exponent n remains the 
same, it follows, that if m is a positive odd number, m and n being also 
both integers, the integration will be finally reduced to 

/sin. X COS.* xdx^ — fcos,* x d sin. x =: '-r-z h C, 

so that, in this case, the proposed may be completely integrated by the 
application of this formula of reduction. 

(34.) If we substitute for the integrals in the right hand members of 
the above equations their values as given by the succeeding equations, 
vfe fAiaXl have the following 

o 
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64 THE IN'TEGRAL CALCULUS. 

Before considering the case in ^hich m, n, are (me or both negative, 
we shall give an example or two of the application of the preceding 
formulas. 

EXAMPLES. 

(35.) 1. To integrate 

sin.* J COS.* X dx. 

As, in this pcpression^ n is odd, we shall employ the formula II., 

which gives 

, , 8in.«x • , 2 8in.*a , ^ 

sin.* * COB.' J cU == — - — co8.*i4- — - • — — ^ 4- C 

7 ID 

ain.**" ,, . » X , 2 sin.* I , ^ 
= —J- (1 — sm.»x) + —YTJ- + C 

^ — sin.* X Sin.'' x + C. 

2. To integrate 

8in.*afC0S.a:*rf«. 
As m is odd it will be best to employ formula I. which gives 

/sin.* « cos. x*dx^ ^ — {sin.* « + -^ sin.* x\ -f- 

9 7 

4 • 2 — COS.* g 
9^7 5 + ^ 



COS.* or , ._ ^ , 4 ,_ , . 4.8 

9 

3. To integrate 



^ (gin.4a? + -_ 8in.» ^ + ^} + C. 



sin.' a? dd?. 

By formula III. 

/. . . . COS. X , ^ 2 ' 

/8m.»«fa' = — sm.' d? cos.jp 4- C 

o 3 

5= COS. 00 (sin.»d? + 8) + C, 
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4. To integrate 

8m.*jrco8.*xrf«. 



/8in.'xco8.*xd«= ^ — (sin.* x 4- ~)4-C. 

5 3 

5. To integrate 

sin.^ xdx, 

^' . « > COS. ap - , _ , 5 , , 5 • 3 

/^8in.« I rfx = — .{sin.* x -f -- sin.' x + — — sin. 1} -|- 

6-4-2 ^ 

, 6. To integrate 

sin.® X COS.* I da; 

sin ' :r 2 

/sin.«a?cos.'»a;d«=— t^(C08.*j:4-— -) + C. 

It is worth while to observe here, that when either of the exponents 
m^ n, is 3, the formula for the integral is so remarkably simple that in 
every such case the integral may be instantly written down without any 
reference to the table at page 62. For by formula I. 

•^ n + 3* «-f-l* 

and by fwmula II. 

sin **+'a: 2 
/•sin.* X cos.?x rfj? = — -- { co8.» x -\ — - } + C, 

which two fOTms may be remembered and applied without any trouble. 
Let us now suppose that one of the exponents m, n, is negative, we 
shall then have 



(36). To integrate the forms 



sin.**i ' cos.*x , 



C08."X 

c 2 
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The formulas hitherto given will not suffice for this purpose; they 
might, indeed, by means of the formulas I. and II., be reduced to the 
forms 



8in.x 

C08.*X 


dxot 


xdx 

C08.-X' 


and 


Goa. X 
sin.** 


ax 


or 


xdx 
8in.'»x 


ich the two 

















sin. X . , COS. X . 
-dx and . _ dx 



cos.*x 8in*"»d? 

are immediately integrable, so that, when m is odd, in the first of the 

above fonns, and when n is odd, in the second, the formulas Land II. 

respectively apply. When, however, this is not the case, we are led 

to the forms 

xdx xdx 

8in.*x co8.»x 

which have not as yet been integrated, for w, » in the formulas III, 
IV. are essentially positive; the question is therefore reduced to the 
integration of these two forms. Taking the first we have 



/ 



xdx 
-f =— /8in.-«-»afdco8.a? .... (1), 



and, putting 

sin.--*-* X ^ M, d cos. X «»<fe, 
the formula 

— fudv^ss. — uv-\-fvdu 
becomes 

— / sin.—"^* X d cos. x ^ — sin.—*—* x d cos. x — 

(« + l)/8iB.-"^* X COS.* dx 
=s — sin.-""-* X COB. X — (m 4- 1) {/sin.-*-* x —/sin.-'" x} dx, 
or, dividing by »i -f- 1, and transposing, we have, in virtue of (1), 

/ dx C08. X ^ m /* dx 

sin«+*x"' (m4.1)sia."«+»x"^"m + r,/ 8in."»x* 

or, putting m for »i + 2, 
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/ ds C08.X iw— a /* dx 
8in.«x """^(m — l)8ln."^« """ill— iV rin.'"^* ""^ ^ 

8in.»-*x """" (» — 3)8iii.-»-»x "^ m — ^ij sln.«-*» 

/<faf __ COS . J m — p ds 

8in."*-*t (« — $) 8in.«-* x "*" m^bj 8ln.*-< x 

&c. &c. 

By the application of this process, we see that when m is odd, the 

/dx 
. which, by 
sin. X ' 

multiplying numeiator and denominator by sin. x^ becomes 
dx 8in. x<fx <fco8. X 



/ dx 8ln. X dx 
sln.x. ""T-— coe.» 



1 — COS.* J 



(8ee ex. 1, p. 14), log. ( |_^^ )* + C, 

that is, {fir, Gregory* s Trigonometry, page 47,) 

/dx , 1 

^— = h>g.tan.-x + C, 

when m is even, the final integral is simply /da: =j: -|r C, or we may, in 
this case, stop at the preceding integral, which will be 



/dx 
. , =cot.x + C. 
8m.» a ^ 



(37.)^ By substituting for the several integrals on the right their values 
as given by the succeeding equations, we shall have the following con- 
tinuation of the table of fbrmuRus given at page 62 : 



^ ^i /fli ^CC^x^C-i Ttx ^i-"^; V. //« 



'-M 









^ ^ r,'--^^: •. .a^.^,ri£:b. 
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EXAMPLES. 

' (38.) 1. To integrate 

COS.' X dx 
sin. X 

Applying here the formula II. we have 

/cos.''xrfx 1, «.® 4,6*4 -■». /*co9.xdx 
— : =-T 1C08.*X + --C08.*x4-- — - COS.*!} + / — : 
sin.a? «^ ^4 ^4-2 J sin. x 

a= --- COS.* X + —- COS.* X 4- -- COS.* x + log. ain. x -f- C. 
6 4 2 

2. To integrate 

sin.^ X dx 

COS.* X 

Applying first the formula I. we have^ 

/sin.*x«?x Ira * ^ s r ^^ 
— = J- {sm.* X — sin. x} -f / r- , 
COS.*X C08.*X ^ J C08.*X 

and applying the formula VI. to this last integral we have 

/dx sin.x 1 , 3,, 3 \ r"^ x ^ % r* 

so that ^A^ 

/%mSxdx ^ \ , . 3 5 . 
— = — { sin.'x — -- sm. x] — 
C0S.*X C08.*X ^ 4 # 

3. To integrate 

• cos.^xrfx 
sin. d? 

/QO&fixdx 11 1 

g^P .p = -jC08.«x + y cos.3a: + COS. X -^ log. tan. -^ * -f C 

4. To integrate 

dx 
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/dx 
cos.^x"*" 3 COS.® a? 

5. To integrate 



sin.x ^2 



/ 



sin.'x dx 

COS.* X 

sin.'irfx 



COS. X + sec. X 4- C. 



It must be remarked that, in the form just considered, the process 
&ils when m=: — n, because then formulas I. and II. become in- 
applicable, but they are not needed in this case, for since 



sm.^cP , co8.*d? 1 

=- = tan.»x, -; := > 

cos.»d? 8m.*a? tan.* a? 

dy 



if we put 

we have 

nJ^^d^^ f-^^-^dy, f^^^d^^ r \ dy, 

J co8.»x '^ J \J^f "^V 8in.«a? "* J y (1 +y«) *^' 

and therefore the proposed forms become reducible to ratiofial fractions. 

(39.) Before dismissing the preceding forms we ought to remark, 
that in those particular cases in which the exponents m and n are 
positive whole numbers, the integration may be effected without intro- 
ducing any powers of the trigonometrical lines, the sines and cosines of 
multiple arcs occurring instead, and these are more easily calculated 
than the powers. • 

This form of the integral requires the development of sin."» x, cos.»x 
in a finite series involving only the sines and cosines of the multiples 
of X, and which development is always possible when m and n ai^ 
positive integers. It gives (see Note B.) 

sin.2ip = — cos. 2 a? + -S" 

1 3 

sin.' a? := sin. 3 a? + — - sin. a 

4 4 
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sifi.* x 5=2 -r- eeg. 4 a? ^ cos. 2 a? 4- — 

8 2 ^8 

<fec. dkc. 

1 « . 1 

co8.'a? = --r- C08. 2 a? 4- -^ 

^ 2 

1 8 

COS.* J? = -— COB. 3 a? + -r <^08. a? 
4 4 

113 

COS.* iT = — COS. 4 a? + ~ COS. 2 J? + — 

8 2 8 

<fec. <&c. 

If, therefore, we multiply by dx and integrate we get 

fsin.^x rfac= — — /cos. 2x rfo? + —a? 

= — — sin. 2 a? -j- —x ^ C 
4 ^ 

1 3 

/sin.3^rfa?=:— -j/s*'*- 3 «^ a" + —/sin. a? rfa? 

1 3 ' 

= — COS. 3 J? + — cos. a? -f C 
12 4 

I 1 . • 3 

/sin.* xdx=z —/cos. 4 « dx — —/cos. 2 x rfx + — jr 

113 
= — sin. 4x + — sin. 2a? + yd7-hG 

<j^c. <&c. 

^003.2^ rfj = — /cos. 2 a* da? 4- -— a? 

= — - sin. 2 a? + — ^ + C 
4 « 

1 3 

COS. -rf*^^^' 3 1 </jc 4- —/ cofl. « <for 
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1 3 

=jj8in.3* + — 8in.ff + g 

1 1 o 

fco8,*x dx = -^fco8. 4x</x+ —/cos. 2 x</x + — X 

9 2 S 

113 

=32 «*^- 4 * + 4- sin. 2 X + y x + C, 

<fec. <fec. 

By substitutiDg in the expression for/sin.* x cos."»x dx, for the powers 
of the sines and cosines the foregoing values^ this integral also will be 
expressed without powers. 

(40.) There still remains for us • 

To integrate the form 

dx 
8in."*x co8.'*« 
Since this is the same as 

sin.'x dx + cos.'x dx 
sin."* X cos.** X 

we have this decomposition; viz. 

dx 



/ dx /» dx^ /» 
8in."»xco8.*x »/ sin.**-* X co8.» X \J i 



8in."*x co8.*-*x 



and, by decomposing in this way the successive component integrals 
each into two, we shall finally arrive at forms already integrated. 

EXAMPLES. 

(41.) 1. To integrate 

dx 



sin.'x co8,*x 



/ dx r dx P dx^ 

sin.* X COS.* a? ^t/ sin. d? cos.' « "^^ sin.* a? 

J sin.x sin.* x */ cos. «/ cos»* C08.x 2 



also (37) 



Digitized by 



Google 



74 THE INTEGRAL CALCULXT9. 

/dx COB.x I . . 1 

consequently 

J iln.«xco8.»a"" C08.X 2 sin.** ^ 2 * 2 ^ 

2. To integrate 

dx 



Bin,* X COS. X 

xdx 



/ dx __ / * «^Jg , /" coi.x 
sin.* X COS. or */ sin.* * cos. « "^^ sin.* 

/rfjr /* dx p COS. JFC 

sin.'cos.x t/ C08.X "^c/ sin.* a 

= lofif. tan. — (-r- » + x) : 

** 2^2 ^ '^ sin. a? 



also 



/C08.xdx _^ 1 
8in.*x "^ 3sin.*x 

• / rin.4L..x ='°g- *•"• T <T + '> -■ iir - TOT + *^- 
3. To integrate 



dx 



sin.* X COS.* 
Tliis, since sin. x cos. j? = sin. 2x, is the same as 



_rfx 
sin. 



tfx ^ 2<» . r dx 2 r ^y 

i,«2x*^ 8in.»y * **/ sin." x cos." x c/ sin."y 



which form has already been integrated at (37). 

4. To integmte 

dx 



sin.^x cos.'x 

f , /' ^ =- 2 cot. 2i + C. 
*/ sin.'xcos.'x 

5. To integrate 



dx 



aiin.'xcos.^x 
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lin.ar . 8 ^ « ^ «> . ^ 

+ -- ta]i.x->8cot.8x + C. 



8lD.*xcos/« 3 COS.* or 3 



(42.) From what has now been shewn it appears that the general 

differential expression 

■in.* jT COS.* Mb 

may always be integrated when m and n are whole numbers, whether 
positive or negative. It is also completely integrable under other con- 
ditions and by the same formulas, as is easily seen by transforming it 
into an algebraic binomial differential, which we may always do. For 
if we put sin. x =^ we shall have cos. s :ss tj\ — y, and the known 
expression for the differential of an arc x, in terms of its sine ^, is 
(Differential Calculus, p. 20,^ 

hence, by substitution, the proposed differential takes the algebraic form 

which we know may always be integrated when either , or 

* 
m -\-n 

are whole numbers. 

2 

As in the preceding general formulas the exponents m or n are con- 
tinually diminished by 2 : this condition of integrability must necessarily 
subsist for the final or reduced integral. 

The reduction of trigonometrical into algebraical functions is often 
advantageously adopted to fecilitate the integration of such fonctions in 
cases which the preceding general formulas do not comprehend. But 
we shall not go into these cases here, as we propose to annex to the 
present section a supplementary chapter, exhibiting a specimen of those 
particular processes and transformations which are most frequently 
found to succeed when the integration is not to be effected by general 
rules. 

(43.) There remains to be considered one more general trigonometrical 
form to which integration by parts as successfully applies as in the pre- 
ceding cases. 
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To integrate the forms 
m^ 8in.« j; dx, »i« cos.** x dx. 
Taking the first of these fbrmsy which may obviously be written 

— m«*8fal.»-*dprfC08.*, 

and putting in the formula for integration by parts 
V = COB. «f w= — f»«« 8in.»^* X 
.\ rfw =K — a log. OT • m«* 8in."-»« «te + (n — - 1) i«« 8in.»-» COS. « Ap 

we have 

— /w** sin."—* X d cos. x = — »»«* sin.»-> x cos. x -f- 
a log. mfm^ sin.* -* x cos. x <fo -f- 
(n — !)/»«« sin.*-»* COS.* xrfjc .... (1). 
The first integral on the right is the same as 

1 /. -. J . « "*•* «hi.» a? CE log. m ^ 
— /»!« <f sm.** = 2 — /m«rgin.«x dx: 

hence, by substitution, the equation (1) becomes 

/« — • « J -• . «_i . o log. m • m<» sin.» X 

/ »»«* sm.* X ax = — m«» sm.*— * x cos. x ^ -2 i — 

n 

^2M^/»»«8fai.» x<fx + (n — l»«8in."-ax (1 — sin.'x) dx, 

in the second member of which there are two integrals like that in the 
first member; therefore, by transposing these we have 

^ ^* — fm- sin." X flfx = — »i«* 8in.«-> x cos. x -|- 

ia log. w . m«» sfai.* X . , ,^ ^ , , , 
h (« — l)/i»«»8in."-« X dxy 



m«* 



consequently 
/w«sin.«x dx=:-^j^|^j-j-^ {alog. m . sin. x — «cos. x} + 

/ ,^ TI , . /m«8in.*-»xdx .... (2). 
(alog.m)* + »«'' "^ ^ 
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By this fonnula therefore the proposed integral is reduced to another 
of the same form, but in which the exponent of sin. jr is less by 2, so 
that if n be an even positive integer, we shall, by the successive applica- 
tion of (2), finally reduce the integration to 

am 

If n is an odd positive integer we shall arrive at the integral 

fm'* sin. X dx, 

which is itself immediately given by the formula (2), since the factor 
n — 1 then vanishes; therefore 

ffgOX 

Jmfl* sin. xdxss ——r- rr-— -T- {« log. m • sin. x — cos. x] -}- C. 

•^ (a log. my + 1 * ° ^ 

By applying the same process to the other general fomi we shall obtain 

the formula 

m" cos.**"' X 

fm<^ C08.« xdsss --T rr— — ■, {« log. w • COS. I -f « siu. x} 4- 

•^ (o log. my -4- n' * ^ * 

T-T-^ — x-rv-T /m" cos."-* X dx. 
(alog. »j)*4-n«^ 



£XAHPL£S. 

^44.) 1. To integrate 

^ ^ e«8ln.«xrfx 

#>' sin X 2 

re'sin.^xdxss ^ ', {siP.J--2co8.x} -f ^-^^ /g^rfx 

"^ ""• "" [sin. X— 2 cos. x} -h 4 ^ + C. 



2. To integrate 

e^ cos. X dx 

fe" cos. X rfx =s ^ {a cos. y + sin. x} + C. 

W "J* 1 

h2 
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3. To intiegrate 
ft» «ln.» X dt±i -rr- {rin.* X -f 8 cos.' x + 3 iili. r — 6 eos. x) + C. 
(45.) We shall teraunate the present chapter hy shewing how 

To integrate the forms 
X sin.— ^ sdxyX cos.—^ x (Uf, <&c. 

in which X is an algebraic function of jr. 

By applying to the first of these expressions the process of integration 
by parts, sin.-' x being put for u and/Xdr for Vy we have, since 

dof 




/X8in.-»«(to=8in->«/X<te— f {^^ dx 



which, since X is here supposed to be an algebraic function, reduces 
the proposed integration to that of the algebraic functions 



•^=^'"-''/;7fe*'- 



By applying the same process to the second expression, the integration 
of this also will be obviously reduced to that of algebraic forms; and 
such would always be the case if, in the above expression, tan.— ^ jr, 
sec.-* X, &c. were put for sin.-> x, because the difierentials of all these 
are algebraic fimctions. 
(46.) We shall apply the above formula to One or two examples. 



EXAMPLES. 

1. To in 



■ , shi.-' «. 

VI — x» 
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We have first to integrate 

By referring to ex. 3^ p. 44, we find 

also 

hence, by substitution, the above fonnula becomes in the present case 

2. To integrate 

«■ sin.—' « rfd? 

f^dx ===ya* dx =r -— > 
also 



J TiTf^^^ T^T'^+3^''^ ^' 



hence 

3. To integrate 

x*da ^ 

/— ^^^--8in.-»«ss5— i(J-af3 4. — L-x) ^/l— ** — ^sin.-»«} + 



\** + A^+c. 



4. To integrate 

.jr*tan.*^*dl* 
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5. To integrate 

«?* sin.—* « dx and «*• tan.—* » dx 



•^ ^w + 1 w + lt/Vl — 

;r«+> 1 /* jf«+* 
/*'"• tan.-^ « rfo? =s — ----tan.->* --r- / . , 



«* 



CBAVTBR VX. 

ON INTEGRATION BY SERIES, AND ON SUCCESSIVE 
INTEGRATION. 

(47.) As our object hitherto has been to obtain general rules and 
formulas for the integration of a differential expression, we have confined 
our attention to the principal of those forms which are completely inte- 
grable. These, however, are very few, in comparison to those forms 
which the calculus in its present state furnishes no means of integrating 
in finite terms. We now come to consider this latter class of differentials, 
and to shew that the integral of any differential whatever may always 
be expressed by means of series. 

Integration by Series. 

(48.) Let X represent any function of x whatever, and put 

fXdxz=Yx .... (1), 
then, by Tayloi^s theorem, 

or, substituting x for the indeterminate h, 
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F (* — a?) = [F^] =:/Xd;r — X* + 
rf«X 






dc^ 1*2*3 



+ <fec. 



where [Fj*] is what Fj: becoifies when x = 0. Hence, by transposition, 

we have >^ V" <5^ .X 

which is the series oiJohn BemouUH. 

From this general expression for the mtegral of Xdx it appears that 
the integration of every differential expression, containing one variable, 
may always be obtained, although not always in finite terms. T^e 
quantity [/X dlr] is obviously the arbitrary constant, being what the 
complete integral becomes when xzszO, that is, [/X<ir]=rC. 

We have given this series of Bemouilli more with the view of shewing 
the possibility of obtaining in every case an expression for the integral, 
than for the sake of the utility of this expression in computing the actual 
value of the integral in particular cases. For such purpose, it is ob- 
viously necess^y that the series converge, which requires that it proceed 
according either to the ascending or the descending powers of the vari- 
able, which that above will rarely do, seeing that the several differential 
coefficients are functions of x. 

(49.) If, instead of the theorem of Taylor, we apply that of Maclaurin 
to the function (1), we shall have 

/X^=[rXda.] + [X]^+ [^] ^ + [4^] j^ + 

Ac (3), 

which is a series much more useful for the purpose in question than 

that just given. This, however, fails to be applicable when x = 

dK rf»X 

renders X, or — — , or ^ , &c. Ulso 0. The term [/Xdx] is here, 

as before, the constant C, which completes the integral. 

(50.) Another mode of obtaining the developed integral fXdx, and 
the one most frequently employed, is to develope X by the processes of 
algebra into a series of terms, such that, being multiplied by dxy each 
may be integrable separately; then these series of integrals will necessa- 
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rily be the development of fXds. In this way^ we may readily derive 
the formula (3), above, belonging to those cases where X may be de- 
veloped according to the increasing positive and whole powers of x. 
For such development ofx, by whatever process obtained, must of course 
agree with that furnished by Maclaurin*s theorem, that is 

Now there are two ways equally obvious, in which we may render the 
right hand member of this equation identical to the right hand member 
of (3); we may, as above noticed, multiply by dx, and integrate each 
term, annexing the arbitrary constant C, or we may multiply by x, and 
then divide each term by the number denoting its place in the series, 
still annexing the constant C. 

(51.) This latter method leads us to remark, in passing, that the de- 
velopment of functions by Maclaurin*s theorem may sometimes be con- 
siderably &cilitated by developing one of the differential coefficients 
algebraically, instead of continuing to differentiate. 

Had this means of avoiding the trouble of differentiating occurred to 
us at the time, we should certainly have adopted it in developing 
tan.-> X, at page 35 of the Differential Calculus. For, by developing 
by common division, the first differential coefficient 

dy 1_ 

dx^i +x^' 

we get with the greatest ease the series 

1 4- Ox — «» + 0x8 -f. jf* + Oa» — «« 4- dkc. 

and it merely remains now to multiply this series by x, and to divide 
' €ach term by the number denoting its place, so that, putting tan. ^ for 
Xy we have 

y = tan.y — -~tan.»y + —- tan.* y — -— tan.'' y -}- «fec. 
3 o T 

and in a similar manner may the developments of sin.-> x, cos.-> x, &c. 
be fisicilitated, as will be further shewn in some of the following examples : 
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EXAMPLES. 

(52.) 1. To determine the integral of 

dat 
a + * 
in a series. 
By division 

o + « a o" a* o* 

Multiplying by x, and dividing each term on the right by the number 
denoting its place, we have 

a + x "■ o 2a* "*" Sa» 4o« '^ "^ 
We aheady know, however, that 
djt 



s 



= log.(a + *) + C, 



dx 
or, in other words, that is the first differential coefficient of 

' ' a-f Jf 

log. (a + n), so that, by means of this first coefficient only we easily get 
the devdopment 

log.(« + x)=log.a+~^ + ^--^ + *c. 

the first term of the development, when it proceeds according to the 
positive integral powers of jr, being always what the proposed fiinction 
' becomes when j: = 0. 
2. Todevelope 

By the binomial theorem 

1 



Multiplying by f, and dividing the several terms on the right by 
1, 3, 5, &c on account of the absent terms in x, jp*, &c. we have 
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J TtT^ 2-3*^ + 2.4.6' 2.4.6.7'^ ^'^ 

But (p. 34) 

/"-T^^^iog.Cx+VTT^) + c, 

that is, the first differential coefficient of log. {x + >/ 1 + ««) is 
by means of which we obtain the development 



^/ 



l + iS* 



ll>g.(a^ + >/l + ^)='-2T3^+2^T:i**~2T4Te-.-7*' + *"- 
3. To integrate 



by series. 

By the binomial theorem 



' =i + i»»+^^+i;4;^+*c. 



l__^a 2 '2-4 ' 2.4-tt 

Multiplying by x and dividing the terms by 1, 3, 5, &c. severally vre 
have 

7=^ = *+2"^^ + 2-:4T5^+2-T476rT*'**-^- 
But 

consequently 

1 1.3.. 1.3.5 - 

sin.-i x = a: + 5^1^+ iTITg * + T.-TF^" * 

4. To integrate 

dx 



>/«« — 



*»— i 



in a series of descending powers of x 
By the binomial theorem 
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VIFZIT ^J^ J _ J_ * 2«^ ^2-4«» 






2 • 4 • 6«7 

Multiplying by dx, and integrating each tenn, we have 

dx , 1 1-3 

:==log.«- 



/; 



V-?ZI~i"" ^•^** 2-4-4«* 

1 •3'5 



2-4-6-6a:« 



- <fec. 4- C, 



but (18) 



/; 



dx 



: = log.(x + >/x»— l)-hC; 



>/*• — 1 

hence, by this means we obtain the development 

/ 1 1 • 3 

log. (x + V a?2 — 1) = First term + log. x 



2 • 2** 2 • 4 • 4*« 
-<fec. 



2 •4*0 •6x6 



As the series in this case is not according to the positive powers of x, 
it does not agree with Maclaurin's, and, therefore, the first tenn is not 
what the proposed becomes when j: asO ; we may, however, easily dis- 
cover what this term should be. We at once see that by putting 
x := 1 the first member of this equation becomes log. 1 ^Q, and the 
second becomes 

«... 1 1*3 1 • 3 • 5 ^ 

First term - g^-j^^-^^j-^^P^ - Ac. 

which must, of course, be also 0, consequently 

First term =r - — - 4- -— - — - -f - — - — -— - — <fec. 
2' 2^2*4«4^ 2 '4 • e'6 

so diat we thus have the complete development of log. (jr + >/«* — 1 .) 
5. To integrate 

dx 
«*+ 1 

in a series of descending powers of jr. 
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By division 






X 

Multiplying by dx and integrating we have 



/dx 



dx _ 1 1 11 



hence 

tan.-» X = First term 1- ~--r- —- + — — &c. 

« Sx* ^x* Tx' 

To determine the first term we may remark that when jr = oo , 

tan.-i X = — , so that the development above then becomes 

-— • = First term, 

the first term is therefore thus determined. 

The preceding examples will serve to shew that functions may some- 
times be readily developed, by first developing the differential, igid 
then integrating each term separately. 
6. To determine the integral of 

>/l_e»xa^ 
Vl — x» 

This differential cannot be integrated by any of the formulas in the 
preceding chapter: but, since it may be written 



dx 



Vl— €f»X», 



Vl— x» 

it is obvious that if v 1— c'j? be developed in a series of ascending 
powers of x, the development of the proposed will be a series of terms 
all of the form 

s^dx 

Vl— «•' 

and are therefore all integrable (25). 
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By the binomial theorem 

-Arr:?^= 1 - i- ^ ^ + ^ e« .« _ ^-ilL e.^ + *c. 

and multiplying by 

dx 



and Aen, integrating each term, there results 
sin.—' X 

+ Ac. + C. 

7. To determine the integral of 
a*dx 

By division 

— i— =:l+jr + ia + x3 4.Ac (1), 

1 —X 

SL\so(Dif. Ca/c. p. 29, ; 

a'=l +rlog.a + ---x«log.*a4--J— «»log.»a + <fec (2). 

« 2*3 

Multiplying (1) and (2) together, we easily get 

a* loir.' a 

y-— . == 1 + (1 + log, a) « + (1 + log. « + --^)a» + (1 + log.«H- 
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log.* a log.'g ^ 



S*3 



-)«»-f &c. 



consequently 
J^ = .+ (, + ,og.„)|+(l+log.„ + i2|!i)^ + 

8. To integrate 

dx 



by series. 



-i- 



3 • 5*' I « 1 1 A» 



=: versin.— * « -f C. 
9. To integrate 

dx 

by series. 



*/ >/2H^» ^'^ 2 ^2-4-5 4 



2 -4 -6 -7 8 -r^^-'/T^ 



= log. C (a? + 1 -f >/2« + x») (ex. 12, p. 34.) 
10. To determine 

J log. y 



_i iSS^y+Ac + C. 

1-8-3 3 1-«'"-r'" 
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11. To integrate 

when it does not satisfy either of the conditions of integiability, 

^»^ya rn+n^ l-2^a« « + 2ii^ ^^ 

12. To integrate the same form in a series of descending powers 
ofr. 

Putting the difierential und^r the form 

and developing the first &ctor by the binomial theorem^ we find by inte- 
grating each term 

JL 
/(a + Ax")* x-^>rfx = 

. ■^a±3L 



•7 1 * * . y« j»g-t-w(f-<) y(y~y)«'* j*^-t-*</-^f) 

H-4c.}+C. 

•Successive Integratioru 

(53.) In all the foregoing examples, the first differential coefficient 
is given to determine the primitive' function firom which it has been 
derived; when, however, it is not the first, but the nth differential 
coefficient which is given, then by a first integration, we shall arrive at 
the preceding or n — 1th differential coefficient; by a second inte- 
gration we get the n — 2th coefficient; and, by thus continuing the 
integration, we at length arrive at the original function. As each inte- 
gration introduces a constant, it follows that the complete primitive 
ought to contain as many arbitrary constants as it has required integra- 
ions to obtain it 

I 2 
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Let y represent the primitive function, x being die variabie, and put 
hence, by integrating, we have 
Again, firom this last equation we get . 



rf(-^^)=X,rf« + C»d*, 



and, by integrating. 



;/X, <to 4-/C, diif = X, + Cj 0? + C,. 



In like manner, from this we obtain 

09?*'—* 

and integrating 

and, continuiiig diis process, we have, after n integrations, 



•^'^'^ = ^' + ^- 2-«...(n-l) + S.8...(«-2) + 

c ^'^^ 

+ .... + C,-« y-h C»-i « H- C 

The first term Xn of this series is the nth integral of YJ^^^ without the 
arbitrary constants; the remaining part of the series is what ought to be 
annexed to every such integral in order to render it complete. 

(54.) We may readily obtain the development of r»X<fcr as follows: 
By Maclaurin's theorem, 
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in which 

are the constants C,, C, €». 

It appears from this formula that when / Xdx is developable accord- 
ing to the increasing positive whole powers of x, so also isJ^Xdj^, and 
that in such cases it is nearly as easy to determine by this formula the 
complete integral of/* Xdar* as thatof/Xc^j ; it will be necessaiy merely 
to develop X according to the increasing powers of jt, as in the former 
parts of Uiis chapter, and to substitute for j^, x, x\ x^, &c. in that de- 
velopment, the quantities 

^ a?"+» 4?»+* «•+* - 

1-2 n ' 1 . 2 . . . (« + 1) ' 8 • 4 . . . (« -h 2) ' 4 • 5 . . . (w -f 3) ' 

annexing the terms containing the arbitrary constants as above exhibited . 

EXAMPLES. 

(55.) 1. To determine 

dx* 

/*- 



By the binomial theorem 

Vl^P? 2 ^2'4 2'4'6 ^ 

and if in this series we substitute, agreeably to the above directions, 
instead of j^, j?*, x*yX^, &c. the qaantilies 

X* afi ^ »^^ ^ 

l-2-3-43-4-6»0 5«*7«8 T-8«9'10' 

we shall have 
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r 




a** 


«* 


1 


!• 


34* 






V 


!+*• 


■ 2-8- 


4 2'3*4-5 -6 * 2'4 


•5 


•6-7 


•8 












1.3.5..^o 










2-4 


•6 -7-8 '9 • 10 ' ^^' 










+ c.^ 


^ + C.yH.C3* + C,. 












2. 


To determine 




















/•sin.^di*. 









By actually integrating, omitting the constants, 
/■in. wtbess — cos. « 
/* sin. J? rfar* 5= — JesM.adx^s. — lin.^r 
P sin. d? rfjp* = — /sin. « <£r = cos. or 
hence, completing the integral, 

/»sin.a?d:a?»=co8.jf + Ci— -f-C,j?+ C,. 

3. Required the curve whose equation is 
Here Xi X„ X„ X^, (art. 51,) are each 0, therefore 

hence the curre is a parabola of the third order, or else one of its 
Tarieties. 



4. To determine 






Decomposing the fraction, we find 
a^ — a 2a» 



m*iltiplying by dr, and integrating, we have (13) 
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da 



and adding 



therefore 



= ~log.(a?* + «») + C* + C,. 





5. 


To determine 


/*co8.4?d:r*. 










/* 


MM.*(to«=co8^-f C,~5 4-C, 


Y + c,- 


"fC,. 






^. 


To determine 


/» «*(«»». 












pe'dx^ 


=<?' + c,~ + c,*+c,. 








7. 


To determine 


dx* ^ 










•^Vl-^ 




/* 


£to* 


^ 


1 


.r™ J i..<.> 


l-3«« 


•^ U. 


^/l- 


^ 2'3*4 


* 2-8-4-6- 


6 * S- 


l«6-8-7 


•8 ^ 








1-3 -5^0 


a. aa. 
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CBAVTam VZl. 

ON INTEGRATION BETWEEN LIMITS, AND ON THE 
SUMMATION SERIES. 

(56.) In the practical applications of the calculus, it is not the general, 
or, as it is usually called, the indefinite^ integral that is ultimately 
required, because here the constant which completes the integral is 
indeterminate, whereas, in every particular inquiry this constant has a 
corresponding particular value, thus rendering the integral definite. 

When the indefinite integral is found, it is easily rendered definite 
by the nature of the problem, which always fixes a limit or origin to 
the integral, that is, it is known to become for some known value of 
the variable, and from this cireumstance the proper value of the constant 
becomes determinable (3). The integral is, indeed, in most cases 
entirely limited by the nature of the problem, being comprised between 
two given values of the variable jr=a, d7=s 6; so that, by substituting 
these values successively in the general expression, and taking the dif 
ference of the results, the arbitrary constant becomes eliminated, and 
the remainder, which is entirely definite, is the value of the integral 
between the proposed limits. Thus the general or indefinite integral 
of x^dx is 

but, if this be required between the limits xssa, xzs^b, we shall have 
to take the difference between 

— -_- + c and — -— + C, 

and we express the result of this integration between the limits a and b 
thus: 



/ 



y x^dazsz- 



m+ 1 



the limit 6, corresponding to the value which is subtracted, being placed 
below the other limit a 
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If b be the origin of the bove general integral, or the value of x for 
which it vanishes, then, since 



so that the definite integral is 






m + 1 

we shall give an example or two, in which integration between limits 
will be required. 

EXAMPLES. 

{57.) 1. It is an important question in mechanics to determine the 
time which a heavy body will require to &U through an arc of a vertical 
circle, that is to say, from a proposed point of departure to the lower 
extremity of the vertical diameter. If a represent the radius of the 
circle h, the height of the point of departure, and x any variable inter- 
mediate height from to A, we are led, by the laws of motion, to an 
expression for the differential of the time containing the difierential 

daf 



V(2aA'— «*)(A— J?) 

this therefore must be integrated, to obtain the time sought. It is not, 
however, integrable in finite terms, but by writing it thus 

we at once see that, if the second factor be developed in a series of as- 
cending powers of x, the proposed differential will be reduced to a 
series of others, all of the form 

VST— X* 
which is an integrable form. 
Therefore, developing by the binomial theorem, we have 
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* -I ^ 1 a 1 ' 3 ^ 1*3*5 a^ 



2o' 

and multiplying each term of this series by the other fector, we have 
this series of integrals 

— ■ «j — versin-* x to radios —- 



/ ^'^ z=z 4- ver8in-» x to radius -^ + C 
s/fix—x' ^ ^ 

7=^,=^ i + 4 J ^hx^^ 



By the question the limits of tbttw ifitegreds are jrastO, a-arA; we 
have, therefore, 




and, consequently, 



>/(2aA — r»)(A — x) 



{^ + (T>* ^a + <2^>' 2^^^ + (2T4T6>' 2^^ + ^^'^ 



3. To determine 
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By taking tbe difference between the two values of each integnd at 
pages 44 and 45, for the values j:=0 and j:= 1, we hare 



/I dx vr 

/I ar^ dap 1*8 ir 



afidx 



l-3'5 



&c. 



2-4*6 2 




&C. 



or, referring to the general expressions at pages 45 and 46, we have, 
when m is an even number = 2», 



/ 



a^djf 



1-3-5T. 



1-1) 



2-4-6-8. 



Vl— ^« 

and, when m is an odd number =: 2n 4. 1 
1 je^+^djp 2'4-e»8' 



.2» 



IT 

T 



S 



•2n 



•>/T:Z^ 3-5-7-6.....(2a4-l) 
If n is a number infinitely great, then will 



«**+»rf* 






hence, by division, 



2 • 4 • 6 • 8 • 10 , 



1 = 



3'5 'T'Q'll. 



1 -S-fi-T'O. 



2-4- 
and, consequently, 

2 * 4 ' a ' 8.* 10 . . 
ff _ 3'g-7'9'll . . 
T"" 3 '3'5'7'9.. . 

2 • 4 • 6 • 8 • 10 . . 



(•8*10. 






2«2-4'4'e*6'8*8. . > . 
1 •3-3-5-5-T-T-OO., 
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a remarkable expression for the rectification of the circle first given by 
Wallis. 

Modem English authors frequently put the above expression of 
Wallis in a very improper form, by writing it thus : 

2« ' 4» • 6» . . . . ad inf. 
1 •3»-6«....adinf.' 
or thus : 

2» . 4a . 62 ad inf. 

33.5a. 7^ adinf/ 

neither of which expressions can represent the quadrant of a circle, for 
the first is infinite, and the second is 0. 

3. To determine 

/I djp 

*>/*(l — A«J 

J V ^(l-x«) ^ ^2^^4-4^ 4-4-6^ ^**^'^''- 



4. To determine 



/I dx 



/ 






In the foregoing examples the integral between the limits is obtained 
from the general integral previously found. But series have been 
determined for approximating to the value of the integral between 
limits without first finding the general integral. The investigation and 
application of these series, although an inquiry of considerable impor- 
tance, cannot be with propriety fully entered into in an elementary 
treatise like the present; we must therefore content ourselves with refer- 
ring the inquiring student to more extensive works on the Calculus, 
as the large treatise of Lacroix, the second volume of JephsorCs Fluxi- 
onal Calculus, and M, Levy^s able article on the Integral CalcuiuSy in 
the Faicyclopotdia Metropolitana. 

(58.) We shall occupy the remaining part of the present chapter 
with a few examples of the application of the Integral Calculus to the 
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Summation of Series. 

1, Required the sum of the series 

« = a? + 2d;» + 3a' + 4a:* + + /up*. 

Multiplying by we have 

X 

dx 
s — = dj? + 2x rfj* 4- 3j?' <ir + . . . . «a? »-* rfjT. 

Integrating this 

/4=, + ;,. + ,. + .... + ^ = lI^:^+C. 

X 1 X 

The differential of this equation is 

dx dx — (« + 1) j?» rfjf -f- ««»"+* dx 

from which there results, ^if AfU^*^ 'y "^.^ ^0%^%^^' '^ ^\ 

'" (l-^)» 

2. Required the sum of the infinite series 

«. _J_ I ' O . Q /». _l_ Q\ "T" 



-1-1 ' 2 • 3 (« + 3) ' 2 • 3 • 5 (« -(- 5) 

;H+7 



+ Ac. 



2-3-4-5-6-T(« + T) 
Since ('DiJ. Ca/c. p. 29,; 

^^2^2-8^2-3-4^2-3-4'6^ 

^2 2-3^ 2-3-4 2-3 ^-fi^ 
we have, by taking half the difference) 

11 . a^ x^ , x^ , . 

2 % '*^2-3^2-3-4-5^2-3-4-5-6'7^ 
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hence, multiplying by x»- *rfj, and integrating, we have the following 
expression for the sum of the proposed series, vi^. 



« + l ^ 2-3(«+3) ^2'3-4-5(n + 6) ^ 

. ■■ ■ 4- Ac. = 9m 

2-3-4-5-6-7(«-f7)^ 
But (30) and (31) 

-i-/e*«--i <te = -i-e* {a?*^ — (« — 1) d5»-« + 

(n— l)(n — 2)«*-» — &c.} 

— /<r-*«<^»«Cp=— — tf-* {*»-> -(- (n — 1) «*-« 4- 
2 2 

(i» — 1) (n -- 2) ^r*^ -f <fec-}i 
consequently _Xf 

* == 4- «* {«"-* — (« — 1) /»*-« + (n — 1 ) (« — 2) **-» — Ac] + 

2 

-i- e— {a?*^» + (« — 1) x«^ + («— 1) (it--2)x«-^ -f &c.} 
Suppose n = 2, and jr = 1 » then this equation gives « = e ~ S therefore 



e 2-71828... 3 '2'3-5' 2-3-4*5-7 

^ 1- &c. 

2-3-4-5'«-7'9^ 

3. To determine the sum of the infinite series 



> .+.-^+^^ + . ' 



P + 9 P + ^9 p&+3y P + nf 

Let each term of this series be multiplied by the corresponding term 
of the series 



^+. -J-+. ^+4 

4? ' , « ' , a? ^ , <feC. 



and we shall have the new series 
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X x^ x^ 

^^TTT + TTsT "•"T+sT"'"*'- 



which agrees with the proposed, when j =s 1 . 
By differentiating this, we get 



-+i -?-+« 



9dS = «« rfx-f a?« «?«+«« rf^ + <fcc. 



j» 



= (l-f j? + x»-f-jp3 + **-f Ac.)*' dJ' 



F 



consequently 

y 

which is a general expression for the sum of the series, j: = being 
the origin of the integral, or the value for which it vanishes. 

Suppose p=sO, then the above integral is — log. Os: oo; hence 

whatever be the finite value of q, 
4. To determine the sum of the infinite series 

- <fec. 



p-^q p^-'^q p-^-H 
By proceeding as in last example, we find 

9 



P 



9 X* 

qdS=:(l^x4-x^<^x^4-x*^^c,)x dx^rr-r-dx 
qj 1+x ''''•• qj 1 + x 

If we suppose p =r 0, this integral is — log. 2, therefore 

K 2 
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which we already know from other principles. (See the Essay on 
Logarithms, p. 3.) 
5. To determine the sum of the infinite series 



^ "^ /TXa^wS ^ ^^' 



Let each term in this series be multiplied by the corresponding term 



in the series 



JL4.1: JL+a JL+5 ^ 

Xl , X 9 , X9 , <feC. 



and we shall have the new series 



4- _z 1 4. <fec* 



which will agree with the proposed, when x=s 1 
By differentiating this we have 



=4=. 




- + 




-<i-5+ 


5- 


4c.) 


.'c*. 


p 
m±<r 


.s=J 


/= 





± &c* 



1 /» X9 , 



6. To determine the sum of the infinite series whose general term is 
1 

(p + y») (r + ««)(* + ««) <fec*' 

n being the index of the term, or the number of its place in the series* 
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By examples 3 and 4 

1 r -f ,1-^' A** >' 

^•= f ^ TTT-^^TTr * 7+^ + 7+3^" ^ *'• 

MultiplyiDg this equation by 



a ' * rfx, 



and integrating, we have 



« = — / X, a? * rfx = -— — : — -- 



.-"• 



Multiplying this by 

_i r^ 

n « 

Jf dXf 

and integrating, we have 



+ <fec. 



'•=t/ 









and, by continuing this process, we shall obviously at length have^ 
after m integrations, an expression X« for the sum of a series of the 
kind proposed, of m^ch the denominator of each tenn has m &ctors; 
observing to take the final integral between the limits x as and j: ss 1 . 
If there are but two factors in the denominator of each term, that is, 
if the series is 

L + __J_ I ^ I ^c. 

(i> + y) (»• + *) (i^ + 2y) (r H- 2*) ^ (;, -h 3y) (r + 3*) ^ 

then the general expression for the sum is 
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q9%j *y 1 T J? 

which, by integrating by parts, becomes 

Now for X = 1 the coefficient of the first of these integrals becomes the 
same as that of the second ; hence, between the limits x^\ and x r= o, 
we have 



J /* | J?* —X ' 

r p. J ^ 1 =f J? 



^(i-f) 



dx . . . . (A). 



When this general formula is applied to a series whose terms are all 

positive, then, it may be observed, the sum will be expressed purely 

r p 

algebraically provided be a whole number. For, putting 

t q 
r p 

— = »i, the formula becomes 

« 9 

qsm t/ ® 1 — X 

which is obviously algebraical, when m is a whole number, since 1 — x*^ 
is divisible by 1 — x (Alg. p. 162.) But, if the signs of the terms are 
alternately positive and negative, then, that the sum may be algebraical, 
m must be an even whole number, for in this case the formula is 

p 



qsm J 



qsm i/ « 1 -h « 
and 1 — x» is not divisible by 1 -f jr, unless m is even. 
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We shall now apply the general formula (A) to one or two particular 
cases, where the summation cannot he eflected in a^hndcal tenns 
because, when the series is summahle algebraically, the new and easy 
method explained in the Algebra is, we think, prefemble as well on the 
ground of its greater simplicity as of its greater generality. 

Required the sum of the nifinite saies 

which agrees with the proposed form. 

Herep=— 1, ^=2, rasO, «aBc2, and for these values the formula 
(A) becomes 



1 «~"^— ] 



^ 1 r^jLiizL^ 



or, putting ^ for x 

Requked the sum of the series 

Here jp = 0, q=i, r= 3, « = 1, so that in this case the formula is 
J_ f I dx 1 /> 1 jJ ^ 

the general integrals are 

log. (1 -I- 07), andy — ~ -f- — «log. (1 -f ^r) 

..., = - log. 2 -j^. 



Kequired the sum of the infinite series 
, = -! L.4 

1 • 3 3 • 5^ 
Herepss — 1, j = 2, r = l, « = 2, therefore the formula is 



1 1.1. 

' = 1^3-3^ + 5^-*"- 
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1 n I j"^ dx 1 /• I X^ , 



or, putting y for x 



2i/*lH-y' 2 2,/M4ya 



dy 1 __ ^ 1 

1 -l-ya 2 ■" 4 2* 



We might now proceed to deduce the general expression for the 
series^ when there are three factors in the denominator of each term, and 
then when there are four factors, and so on ; but all this would occupy 
much more space than can be devoted here to these matters. We 
must refer, therefore, for these particulars to Clarke's translation of 
Lorgna^s Method of Series. Without, however, deducing formulas for 
the summation of the various classes of series, included in the very com- 
prehensive form proposed in the present example, we may obviously 
apply at once to any particular series the process of Lorgna, above 
exhibited, and it is this indeed that is usually done. Let it be required^ 
for instance, to sum the infinite series 



1-2-4 2'3'6 ' 3-4^6 
Here we know that 



''-/t? 



da a?* , a?* J?* . . 



Multiplying by dx, and integrating. 
Multiplying by xdx, and integrating 
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Now, by the integration by parts, 

(j:+l)log.(l+*)-# 
.•.X,=s/, (, + 1) ifo . log. (1 + s) -/4r»rf* = 

(y + y)log.(H-x)---y (- + -)-p^ 

The results of these integrations need no correction, for they all vanish 
when j:a=0, as they ought, since then X|, X„ X„ are each 0. For 
X ^ 1 the last expression becomes 

,=-log2--, 

which is the sum of the proposed series. 
We shall now pass to other methods. 

7. Required the sum of the infinite series 

"»" iia.Aa.fi ' /ta.Aa.fia.in "T^^* 



3^*dx _ 1 '3*5 (2n— 1) jr 

• 6 2» ' 2 



42.5 » 4«-6««8^ 4«-6»-8»«10 
By example 2, page 96, 

/I x»» <fa _ I • 3 

Hence, if we assume 

jr _ 2j^ r x*dx 2 3*5 /*_J^dx_^ 

2 -3 -5 ' 7 r x^dx 
4-6-8-TOc/ v^j —x* ^ 

and take the integrals between the limits jr = and j: = l, we shall 
have the sum of the proposed series equal to s. 
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By differentiating we get 

IT ds /- 5 2 -Sop* , 2 • 3 . 5x« , 2 • 3 • 5 • 7j« . , 

or, multiplying by j*, and dividing by 4, we have 

ir_ d# x'n/T^^^ _ ^Jfi , 3*5j» 3 ' 5 ' Tx'o 

T'rfx' 4 ""2-4-d'^2-4-6-8 "*" 2-4.6-8- 10 "*" 

but we know that 

a^ s* 3a* 3-5*» 



Vl — *»=1 — 



2 • 4 • 6 • 8 • 10 

hence, by addition, 



2 2-4 2«4*« 2*4*6-6 

3 • 5 • 7»»» 
-&c. 



w 



ds aas/l—x* 



^-^/T3:? = l-4--i^. 



2 d^ 4 ' 2 2*4 

and, consequently, 

4djf idx x*dx 4</x 



4-rf* = - 



2 ««>/l— X* >/l— «» 2>/l— «• *' 

therefore, integrating the differentials on the right, we find for their sum 
the expression 

4 — 4 >/l — a« 



4 4 



which between the proposed limits x = 0, x = 1, gives 
ir I TT 8 1 

This question is taken from LetfhourrCs Repository , No. 20, and the 
following elegant solution to it is given by Mr. Mason, in No. 22 of 
the same valuable work. 
By development 

I x* 3x* 3 • 5x* 

, — 1 + — + -^—- + + <fec. 

VlZ:^ ^ 2 ^2-4^2-4-6^ 
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Multiply by dx^ and integrate, and we have 

^ 2-3 ^2-4-5 ^2 •4- 6- 7^ 

Multiply this by - , and take the integrals on both sides between 

V 1 3fi 

the limits x = 0, x = 1, and there results 

2 2 ^ 2»-4 2 ^ 2»-4»-6 T "^ 



3»-5« 



2« . 4» . 6« • 8 2 



~H-*c. 



Hence 



w- * 4» • 6 ■*" 4» • 6« • 8 "^ 4« • 6* • 8* • 10 "^ **^* 

8. Required the sum of the infinite series 

1 1 

1« • 3« •"55 «• + 3«-5»-7».. ..(»-f2)« "^ 



5«-7»-9«....(n-h4)*^**^' 

n being any odd number whatever. 
By (34) 

r" . ^ , 2-4-6....n — 1 

«/JL 3»5*7....n 

s 

Hence, if we assume 

_. /9in.*xdj /sin.*+»x<fa 3«/ain.''^^*x <fi: 

'^2-3-4.'. .n"^2-3-4...(n-h2)"*"2-3-4...(«4.4) "^ 

2-3-4.. .(n-f6) ^ . 

and take the integrals between the limits 4: = 0, jr=— , » will be the 
sum of the proposed series.- - . 
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By differentiatiDg, we get 



</*""2-3-4 n ' 2-3-4...(nH-2) ' 2 ^S • 4-. . (« + 4) ' 

r + Ac. 

2-3-4...(n-i-6) ^ 

and if we differentiate this result n — 1 times successively, we shall have 

, , M, , , . «in.» X , 3« sin.* x . 3« • 5* •in."' x 
rf-^ (-) = [sin. X + -^rr + -2T3-T4T5-^ 2>3»4»6>6-7 + 

Ac.} (d sin. «)"-». 

Now the series within the brackets is known to be equal to or, {I^iff- 
Calc. p. 37); hence, by integrating, 

^=/-»x(rfiin.x)--« 
.-. * = r ^ /«-* X (rfsin. x)»-» dx, 

which is the general expression for the sum of the proposed series. 
Suppose n = 1, then 

•=/i«^ = T(T>-'+F + F + F + *- 
Again, let n ss 3, then 

^ /»x(rf8ln.x)*dxs= / ^/(xsin.x-l- 

cos. X — 1 ),d sin. xdxssz 

/o I* 3 J 

^ (y X sin.* » + -J sin. ar cos. » -f- -— « — sin. x) Jx = 

"5" 

4^2' S 
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and so on.* 

9. Required the sum of die infinite series 

1 2,3 4 , ^ 

«ss + -r4-4c. 

' 3 4^5 6 ^ 

#s=|- — 2log.2. 

10. Required the sum of the infinite series 

1 L4--J Ac 

'""1-4 3-6"*"6 -8 

, = JL + |l„g.8_l. 

11. Required the sum of the infinite series 

2- 2 8 -4^4 • 8 
« = 1 + 2 log.2 — 2 log. 3. t 
12. Required the sum of the infinite series 

32.42 T- 22 . 4« . g« ^ 2» • 4» • «* • 8* 2' • 4« • 6« • 8* • 10* 

_ 32 _13 

*""2T? 36* 



* The mode of solntion employed in thii and in the former example, 
and which consists mainly in assimiUding the proposed series to a series 
of integrals, taken between limits and multiplied by constant factors, is of 
extensive application, and will be found to succeed in many classes of series 
too complicated to be readily summed by the nsual methods. It is proper 
to mention here that Mr, fFoolhouse, of North Shields, was the first, as 
far as I know, who applied this very general and elegant method to 8etiet«, 
and that the above example was proposed by him in the Ladies' Diary for 
1830, shortly after the puUieation of which I forwarded the above solution 
to the Editor. 

t For the summation of a great variety of other series, see Clarke's 
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SECTION 11. 
ON RECTIFICATION, QUADRATURE, AND CUBATURE. 

CBAVXait z. 

ON THE RECTIFICATION OF PLANE CURVES. 

(59.) It has been shewn in the differential calculus page 124, that if 
s represent any arc of a plane curve, then 






dar 

X and y representing the coordinates of one of its extremities. Hence 
to determine the general relation between s and x, we must integrate 
this expression, so that 

•=/^^+-£-''' 

or, if we interchange the axes to which the curve is referred, 



'=/^^ + -?•"*• 



Either of these expressions may be considered as a general formula for 
the length $ of any arc of any plane curve, referred to rectangular coor- 

traruiatton of Lorgna; Wright's Solutions to the Cambridge Problems, 
vol. 1 ; and Young's Treatise on Algebra* 
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dinatesy ~ being a function of j, and — - a function of y, equally depend- 
dx dy 

ent on the equation of the curve* 

If we take any proposed curve, and substitute in either of these for- 
nix dx 
mulas, instead of the general symbols -r y'Ty ^^^ particular filiation of 

X or of ^, given by the equation of this curve, the expressions for s will 
then become less general, since diey will be restricted to the arcs of the 
proposed curve; but they will still be indefinite, since nothing as yet 
fixes the arbitrary constant which they each involve. If, however, we 
fix upon any point in the proposed curve from which the arc is to be 
measured, then we at the same time fix the value of the constant, for at 
that point s =0, so that the the expression for < belongs only to the arc 
commencing at the given point, and terminating at the point {xy y.) 



EXAMPLES. 

(60.) 1. To determine the length of an arc of a parabola measured 
from the vertex. 
The equation of the curve is 

djf 2m 

hence 



,=/j 



1 +-^ .dy = ~f^y* + *«>^-iii 



and, by (t7), 
consequently 

Since the arc commences at the origin, therefore when y=6, 4=:0 
that is 

= wi log. 2m -f -C 

h2 
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.'. C ^ — m log. 2m 

which expresses the length of any arc of the parabola measured from 
the vertex, in terms of the ordinate of its other extremity. 

If instead of being supposed to commence at the origin the arc com- 
menced at a point of which the ordinate is b, then the constant would 
be determined by the condition that « = when y^b, which condition 
would give 

C =— {—^— + m log. (6 4- \/A«-h4m«)} 

so that the length of any arc measured from the point^= 6 is 



6-f V i«4.4m« 



which, when 6 = 0, becomes identical to the former expression, as it 
ought. 

It appears from this example that the length of any arc of the com- 
mon parabola may always be expressed in finite terms, although the arc 
, is not in strictness rectifiable, since the expression for its length involves 
a transcendental quantity, which cannot be expressed numerically in 
finite terms. There are, however, an infinite number of parabolas of 
the higher orders which are completely rectifiable; we shall determine 
the general equation of these in the next example. 

2. To determine the class of parabolas which are rectifiable. 

The general equation ^f parabolas of all orders is 



dy n ~ 

djf m 



....=/j.+^..=/„+s-.-'^->i' 

By referring to the criterion (19), we find that for this integral to be 
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wholly algebraical and finite^ we must have the condition 

1 -f- 2 ( 1) = a positiTe whole number, 

m 

therefore, calling this whole number w, we have 

n 1 -f- 2m; ^ 

m 2w 

so that the curve will always be rectifiable when one of the exponents 
is an even number (2w) and the other exceeds it by unity, or when they 
are equimultiples of such numbers. 
3. To rectify the circle. 
The equation, accordingly as we assume the origin at the centre or 
at the circumference, will be 

y« = r* — x« ory* = 2rx — x*, 

and the expression for s will therefore be either 



fszrf , or 8 ssr I - 



both of which involve circular arcs. The circle is not therefore a rec- 
tifiable curve. Either of these integrals may, however, be developed 
into a series, and thus an approximation to the circumference obtained, 
but a very convergent series for this purpose has already been investi- 
gated in the Differential Calculus, page 37. 

(61.) 4. To rectify the ellipse 
The equation of the curve is (Anal, Geom. p. 101, J 

1/« = (6>- l)(x«— ««) 

rf* 's/x^ — a* J r» — «« 

— ■ dx = a I — , dx', 

X 

x^ bemg put for — . 
a 

This integration cannot be effected in finite terms, but the integration 

by series has already been given at length at page 86. Suppose a 
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quadrant of the ellipse is required, then the arc to be rectified com- 
mences where x = 0, uid terminates where x =s a; and between these 
limits the series referred to becomes 



i.-i4|.. 



1 -1 • 1 



2-2 •4-4 



2-2-4-4-6-6 *' 



which, tlierefore, expresses the length of the elliptic quadrant, — being 

the circular quadrant whose radius is a, the semi-major axis of the ellipse. 
Hence the whole periphery of the ellipse is found by multiplying the. 
circumference of the circumscribing circle by the series within the 
brackets. 

Suppose, for example, it were required to find tiie periphery of the 
ellipse whose semi axes are 12 and 9, 

ft* 3* 

6» = 1 5 = l--5 = -4375 

a^ 4' 



Then the second term, A, = 
third B,3=- 



fourth 



fifth 



sixth 



seventh 



eigrhtfa 



C,= 



E,= 



F,= 



G,= 



4 

3e» 



= 1 • 10938 



4 * 4 
3 -^c* 



Ass 



6 • 6 

5 • It* 



S • 8 
7 'Ot* 



10 • 10 

9 • ll€« 



D = 



12 • 12 

n - 13c« 
14 



E = 



F=: 



00897 



B = • 00164 



C = ' 00039 



00011 



00003 



00001 



14 

Sum = • 12053 
and this, taken from the first term of the series, 1, leaves • 87947 which 
multiplied by 3 • 1416 x 24, the circumference of the circumscribing 
circle, gives 66 . 31056 for the periphery of the proposed ellipse. 
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Tlie foregoing series for the rectification of the ellipse, vdach is that 
usually given, is not so convergent as might be wished when the 
ellipse differs but little from a circle, in which case e differs but little 
firom unity. . We shall here, therefore, investigate another and more 
convergent series for this purpose. 

If a circle be described on the major axis of an ellipse, and the 
ordinate of any point be produced to meet the circumference, dien the 
abscissa x of the same point will be the cosine of the angle subtended 
by this line at the centre; hence, calling this angle f and taking the 
tabular cosine, we have x ^ a cos. f ; hence 

>/o«--f«4" , \/l— f«CO«.>f ^ 

y ^ = / ■ « rf COB. f, 

or since 

</oo8. 0=2 — tin. f <ff =:^>/l— coi.*f .df 

, dxss — a'v 1 — 6* cos.*f . df, 

V a« — *» 

or putting for cos.*^ its equal J -|- J cos. 2^ (Gregorys Trig, p. 46,) 
the expression for the differential of the elliptic arc becomes 



_a M 1 — _. _ _.coB.2 . rf^, 

of which the integral will be <, the length of the arc. This expression 
will take a convenient form for development if we determine a* and b% 
so that it may be identical to 

— a \/o'«-f- 6'« — 2a'*'co8. 20 . d^. 
The equations for determining a' and b* are 

a'^H- ft'^rs 1 — -i-and 2a'*' = -^» 

whence 

a'-hA'=l,o'--6' = \/l — f'.-.Css: 

1 + >/TIir? 1 — >/ 1— €« . 
2 '*= 2 

We have then to develop the expression above in a series of terms 
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coovenieDt Ibr integtation. Since (Dif- Calc, p. 30,^ 

2 COS. ^ =s tf*^~* + e-^^^, 
it follows that 

a'» + A'» — 2a'A' 008.0= (a'-M^=^)(a-ft<r-^^=^»; 

therefore, developing the nth power of each fiictor by the binomial 
theorem, we have for 

(a'» + i'*^8a'A'co«.0)« 
the product of the two series 

* of ' 1 '2 

n(«^l)(n^2) ,^^- 

1 • 2 • 3 T^^i 

and 

a 1*2 

«(,-l)(,-8) ^^=T^^^, 

which product we find by putting 2 cos. m^ for its equal 

to be 

^\l \ n-^ I ^•('^-^y ^^ , n«(n-l)>(n-2)« h^ 

Ac.} — 
2«*.i«*'j.« ^(n-l) *' , n(n-l) n(>»~l)(fi-2) y* 

«fec.) COS. 4~ 

P cos. 20 4- Q cos. 3 + R cos. 4 + <fec.; 

hence, multiplying by — dt^ and taking the integrals of the several 
terms between the limits ^ ^ tt and = 0, all vanish but the first 
term, the integral between the proposed limits being 
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2«-s» 5i"r*«'r 



therefore when « = | we have for the semi-periphery of the ellipae the 
series 



1» fc** 



2» 



2« • 4« 



. d* «^ 



llie coefficients in this series obviously converge &ster th ^^ those in 
the series^ first given, and moreover 



of 



Vl — €» 2v'l. 



' — 2 



+ 1 



1 4. n/ 1 ^- e» e* 

is necessarily always smaller Hum c. \ 

The foregoing investigation is taken with slight modification ^m 
Mr. Ivory's p«^>er on the Rectification of the Ellipsis in the £dinbiirgh 
Phil. Trans., vol. iv. 

A series for the rectification of the hyperbola may be obtained in a 
similar manner. 

(62.) 5. A given circle rolls along a given straight line always 
remaining in the same plane; it is required to determine the length of 
the track described by any point P in its circumference? 

The curve P, F, F', F", thus generated is called a a/cloid, and in 
order to determine its length we must first find its differential equation 

Let P'"P, F"Y be' the axes of 
reference; then, taking any point 
P^ in the curve and the corres- 
ponding position of the generating 
cirde, it is obvious that the strai|^t 
line MP'" must be equal to the arc 
MP"; hence, calling the tabular 
angle corresponding to this arc a», 
we have 

P'^NssP'^M — NM, 
or 

«asrM— rsin. M .... (1), 
also 

F'NrsCM — CD 
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y = r — rcos. w .... (2). 
dx^(r — r COS. w) <fw =y dM, 

dy^szr sin. <v dia 

dy r sia. a 
dx y 

but since by the circle r sin. o) or P"D is equal to N/2ry — y, we hare, 
by substitution, 

./-= 1 rr 






y 

for the differential equation of the cycloid. Hence 



2>/2ry-f C. 

Considering the curve to commence at P'" we have « = when y = 
/. C ^ 0. From the commencement V" to P' the middle of the curve, 
and at which point y = 2r, we have s = 4r, so that the whole length 
of the cycloid is equal to 4 times the diameter of its generating circle. 
The equation of the cycloid in terms of x and y is very easily 
obtained as follows : 

F^NssP^M — P';D = 8in.-»F'D — F'D, 
that is, since F'D = >/2ry — y*, 

X = Bin.-* >/2ry— y« — >/2ry— y», 

or, which is the same thing, 

s = versin.— * y — v 2ry — y", 

the radius of the arc being r. 
Again 

F'N=iDM=r — CD==r--cos.MF', 

that is, since MP" = DP" + NF", 

y = r — COS. ( >/ 2ry — y* -I- J?), 
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which is another form of the equation, and either of these heing diffe- 
rentiated will furnish the same differential equation as that ahove. 

If the origin of the coordinates be at P', the vertex of the curve, the 
axes being P'Y, P'Q, the equation is found with equal ea^, for since 
the ordinate N'P", which is always negative, is 

N'P" = FC + CD= — r — CD, 

and CD = — cos. FP"; but FP" = FF or MQ, since the whole 
semicircle is equal to P'"Q or YP', also FP' = N'F — N'F; hence 

N'P" = — r -H cos. (N'F'— N'F) 
or 

y = — r -f cos. (x -^ >/ — 2rsr — y»). 

In this equation x is of course negative for that half of the cycloid 
to which our reasoning here is applied, and it is positive for the other half. 

It is a curious property of this curve that its evolute consists of two 

inverted semi-cycloids, each equal to half the proposed cycloid. It 

is worth wliile to prove this. 

dy 
Representing as usual — by p', we have, by differentiating the 
ax 

expression (3) with respect to j-, 

dp dy _ _ • r ^ 
dy dx y' 

and if «, /3, represent the coordinates of any point in the evolute 
corresponding \.o(^x, y,) in the involute, we know (Diff* Calc, p. 139,^ 
that 

that is 

* = a: + 2>/2ry — y«, /3 = --y, 

from the second of these we get 

• 

x=* — 2>/ — 2r/3~i3S 

which values of x and y substituted in one of the foregoing equations 
of the curve, the last for instance, give 

M 
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/3a= — r-f COS. (— >/— 2r/3 — /3*-|-*), 

and this equation agrees exactly with that of the proposed cycloid when 
the origin of the axes is removed from P'" to the vertex P'; hence, the 
evolute of the semi-cycloid P'"p' is an equal cycloid, P'"Q' having its 
vertex at P'", and consequently one extremity of its base at Q', P'Q' 
being = 2P'Q; also, the curve being symmetrical with respect to the 
axis P'Q', the evolute of PP' must be a semi-cycloid PQ' symmetrical 
with the former. 

6. To determine the length of the arc of the parabola whose 
equation is y* := nj^ between the limits j: = 0, a: = «: 



8m , 9 



Hn 



•21 ^ 4 ^fi^ ^ ^ 27 
7. Required the length of the curve whose equation is 



from 1" ^ to X ^ fl, 



*^ — «3 



8. Prove that in any plane curve the length of the tangent af 
any point (.r, y) is 

T r== -4- « -^^ — - ' 



:±y 



(dy) 



the independent variable being arbitrary. The upper sign obviously 
has place if both « and i/ encrease"or decrease together, but the lower 
sign, if one, encreases while the other diminishes. 

9. To rectify the tractrix of which 
the figure is given in the margin, and 
whose characteristic property is, that if 
from any point P in the curve a tangent 
be drawn, the part PE between the point 
and the axis AX is ^ual to the constant 
quantity a = AY, 

8= a log. — • 
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10. To determine the length of the 
curve whose characteristic property is 
such that a line j*'/? drawn from the foot 
of the ordinate, perpendicular to and 
terminated by the tangent PR, is equal to 
the constant quantity a = AA' : 

* = >/ 2aar -h ac». 

This is the catenary or curve formed by a heavy and perfectly flexible 
chain, suspended by its extremities 

(63.) Let us now determine the formula for the rectification of a 
plane curve when it is referred to polar instead of rectangular coordi- 
nates. 

We know by the formulas for changing the independent variable, 

dy (dy) 

(Diff. Calc, p. 98, j that -7- is the same as 7—-, the independent 
dx (or) 

variable in this latter coefficient being any whatever, so that the formula 

at the head of this chapter when put in its most general form, as indeed 

we have given it at page 125 of the Differential Calculus, is 

therefore, when the angle <a between the radius vector and fixed axis is 
taken for the independent variable, the formula is 






but (Diff. Calc. p. 137,; 

dv . dr 

--^=r<S08. w 4- ■— I 
dit) d(a 

hence, by substituting these values in the foregoing expression, we have 



dy , dr , dx . , dr 

-^ = raoB, CD 4- -—sin. w, -7- = — r sm. « -J- -- cos. a» ; 

dw d(a d<a d<a 



.=/4 



r^A — — * du) , . . .*(1). 



ds 
(64.) It is worthy of remark that the foregoing expression for -- 

is the same as that for the length of the polar normal PN; for the 
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dr 
expression for the subnormal FN is — , (Dif. Calc. p. 118,^ con- 

CmiI 

sequently 



PN = >/fN» + FP» = NJr" -h^ . 

If from F we conceive a perpendicular 
to be demitted on the tangent PR, and 
call the part of the tangent intercepted 
between this perpendicular and the point 
of contact t, then 



that is 



PN 


FN: 


: FP : r, 

<& . dr ^ ^ 
du} ' d<a " 

dr 
ds ""di, 
' ' dio t 




or, considering the independent variable as arbitrary, {Biff. Calc. p. 98^) 



(<fo) = £W 



(2). 



EXAMPLES. 



(65.) 1. To determine the length of an arc of the logarithmic spiral. 
The equation of this spiral is r = a**. 



hence 



•.^ =Iog.«.a'» = log.a-..-.rf«=j^i 



^/^-^-^r^-Z-J^+ii^-*- 



= aJi + — i— -r + C 



log.' a 

= r sec. Z. F + C; (see p. 118, Dif. Calc.) 
Ift h$ arc is to be. measured from the pok, theu the laigth between 
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the pole and the point, whose distance from it is r, will be r sec. Z. F; 
but if we require the length of the arc comprised between two points 
distant r' and r from the pole, the expression will be (r — r*) sec. F. 

2. To determine the length of an arc of the spiral of Archimedes. 
The equation of this spiral is 






.... = l/^H 



-h a« . dr. 



This integral is the same as that expressing the arc of a parabola found 
in art. 60; hence 

s -_ + -log. — + C. 

If the arc commence at the pole, then s^O when r ^ . • . C := 0. 
3. To determine the length of the involute of the circle. 
The involute may be described by the 
unwinding of a string from the circum- 
ference ABC ; and since in every position 
CP it will be tangent to the circle and 
normaltotliecurve AP,(D«^. Calc. p. 141,) 
it follows that OR parallel to CP will be 
perpendicular to the tangent PR, and 
therefore RP = OC =: a; hence, by equa 
tion (2) above, 

1 r^ 

. a -^ 2a ^ 

a 
Now when r =: a = OA, then s = . • . C s= — — 




CP« 



1- 



2a 20C 

the length of any arc AP. 

4. To determine the length of an arc of the reciprocal spiral 

r = — , commencing at the pole 



M 2 
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«= n/i -|.r«-f log. 



5. To detennine the length of an arc of a curve whose polar 
equation is 

r = 2a (1 + COB. *>); 

the arc being comprised between two points at whi^ o) ±= and a> ^ tt 

«=:8a. 



CBA»TBIt ZZ. 

ON THE QUADRATURE OF CURVES. 

(66.) Let us now seek an expression for the area of any portion of a 
curve surface situated in a plane, €ind for this purpose let us first 
determine the differential expression for a plane sur&ce. 

In the plane curve sur^e ABCM', any 
portion ABM is obviously a function of the 
coordinates AM MB, or simply of the 
abscissa AM, since both the area and the 
abscissa always vary together, and we are now 
to find the general expression for the differen- 
tial of this function. 

Take any increment, MM' = h, of the abscissa, and draw the corres^ 
ponding ordinate MX, and then complete the parallelograms BM', 
CM; 6C will be the increment k of MB, and it is obvious that the 
increment CBMM' of the surfeice is always between the two parallel^ 
ograms however we diminish the increment MM'; if, therefore, the 
ratio of these parallelograms could ever be that of equality, the ratio of 
the corresponding curvilinear increment to either would also necessarily 
be that of equality. 

The ratio of the parallelograms is always 
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y^ y 

and in the limit, that is^ when k^sQ and consequently k^^O, it is 
simply 

tirhich being a ratio of equality it follows that in the limit 

y* 

€ 

that is 



€BMM' "" ^' 



V dx 

-~ := 1 .•. d . area =sydx 

d . area 

.*. urea sr /y <^x r= u* 

If the axes of cooidinates were d3lique, then, calling their included 
angle ^, the area of the parallelogram M6 would not be yh but sin. fyA; 
hence, in that case, d . area = sin. pydx, 

.*. area s= sin. ^/y e^x. 

We shall now give a few applications of these formulas. 



XXAMPLES. 

(67.) 1. To determine the arc of the parabola 
y^= ax .*. ^ydy^a dx 



2 2 »' 2 Nv- 

hence the area ABC is equal to two thirds of the parallelogram A6, 
or the whole area BAE equal to two thirds of the circumscribing 
parallelogram BD, so that this curve is accurately quadrable. 
2. To determine the area of the circle 

y = >/r«— x« .•. fydx =/>/r* — a;* . dx, 

developing the radical, we have 
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-<fec. 




2 'Br 2 • 4 • 6r« 2 • 4 • 6 • 7r* 

This between the limits x :s and x =r ^ will, 
supposing the radius to be unity, give a portion AB 
of the semicircle bounded by an arc BC of 30 degrees, from which 

portion, if we take the triangle CO A = we shall have the secr 

8 

tor OBC the twelfth part of the circle. But, for the actual computa- 
tion of the area, the series given at page 37 of the Differential Calculus 
for the circumference, has the advantage of much greater conveigency 
than that above. 

(68.) From the foregoing integral expression for the area it appears 

that although the integral / >/r* — afldx cannot be accurately expressed 
in finite terms, yet it may always be supplied by a circular area AB, 
the sine of the bounding arc being OA ^ x; the sine of a similar arc to 

this, but of radius unity, instead of r is — ; therefore, since similar parts 

r 

of circles are as the squares of their radii, the above area will be equal 

to r* times a circular area to sine — , the radius of which is unity. If, 

therefore, a table of semi segments CBD were calculated for all values 
of DC, from DC = to DC = E= 1, such a table would greatly 
facilitate the calculation of definite integrals of the above form, for it 
would then be merely necessary to add to the tabular number the rec- 
tangle D A, and to multiply by r*. If the origin of the axis had been 
placed at th% extremity F of the diameter, then the integral expressing 
the area would have been/>/2rj? — a^ ,dxy which, as above, may be 
expressed by a circular area of radius unity, so that 

y 1 aif 

f^/ir^ — ir»*rfx = r* X*^ circular zone, sine = — 



f^2rai--: 



1 30 

dx ^ r^ X -^ circular segment, ver. sin. = — • 

2 ** 



By reference to the figure it will be further obvious that these expres- 
sions are the same as 



/ >/ yS _ x^ • rfx = — 
2 



r» 8in.-» ± -I- -- J V r> — 
r • ** 
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/ v^ 2rx — 07* • rfj = -r r* Tcrain.-* -^ — -- (r — x) >/2rx — «« 
* r » 

the first being the sector OBC plus the triangle OCA, and tlie second 
the sector OCT minus the triangle OCA'. 

3. To determine the area of an ellipse 

a 

but as we have just seen /n/o« — x^ . dlr is the expression for a cir- 
cular area whose radius is a, it follows, therefore, that if a circle circum- 
scribe an ellipse, the area of the ellipse will be to that of the circle as 
die minor axis to the major; we have then only to multiply the area of 
the circumscribing circle by the minor diameter, and to divide the 
product by the major diameter, and we shall have the area of the ellipse. 

4. To determine the area comprehended between the curve and 
asymptotes of an hyperbola. 

The equation of an hyperbola between the asymptotes is (Anal. 
Geom. p. 120) 

the ales ON, OK being inclined at an angle 0; hence 

sm. 6v dx =s — \ — sm. 6 — 
^^ 4 X 



•. w 



4 X 4 



If die area be supposed to commence when x = 1 
then C s= 0, and the expression for the area in- 
cluded between one of the curvilinear and asymp- 
totic legs, measured fix)m this point, will be 

u s= — 2 — sin. ^ log. T . . . . (1). 

Let L be the point of commencement, that is, let OL represent unity. 
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then since the rhombus OB is 

OB* sin. ^ = — ^ — sin. 0, 

the coefficient of log. x in (1) is simply sin. 0, because, by hypothesis, 
OB ^ 1 ; hence then the hyperbolic spaces BM, BM', &c. will be gene- 
rally represented by 

u s: sin. log. X. 

so that, if OM, OM', &c. represent any series of numbers agreeably to 
the scale 0L = 1, the spaces BM, BM', &c. will truly represent the 
logarithms of those numbers taken according to that system whose 
modulas is sin. 0, to radius OL; and thus, by varying the inclination 
of the as3rmptotes, innumerable systems of logarithms may be repre- 
sented by hyperbolic spaces. If we wish to represent in this way 
Napier's system, called usually hyperbolic logarithms, although in 
strictness every system has equal claims to such a designation, we must 
make sin. 0^1, that is, the hyperbola must be equilateral. If we 
wish to represent Briggs's, or the common system, we must make 
sin. =• 43429448» , .-. = 25°, 55'^ 16'. 

5. Let AFBF' be a given circle, and AB a diameter; let the radius 
OT revolve round the centre O, and let OP be always perpendicular to 
OT, meeting TP drawn parallel to AB in P. Required the equation 
and quadrature of the curve which is the locus of P. 

Take the centre O for the origin, the h 
fixed line OB for axis of .r, and the per- 
pendicular OF for axis of y. Put the 
radius OTs=a; then, by similar triangles 
OPG, TOP, we have 

0G» : PG* : : OT* : OP*, 
that is, 

f : 1* :: a* : r*-hy* 
whence 

o*«*=:x*y»-|-i/* 



* For the determination of this number, see my Essay on Logarithms, 
page 8. 
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the equation of the curve. When :r = o,y = 0, therefore the curve 
begins at O; when y = ± «, x = oo ; hence the two tangents HK, ML 
are asymptotes to the curve. 
For the quadrature we have 

this integral, by page 45, is 

As the curve begins when 5/ = 0.-.C = 0, and from this to 5/ = a, 
between which a fourtii part of the curve must be described, since the 
revolving radius will have passed through a quadrant, the area will be 

Y « • arc AF = quadrant AOF, 

and therefore the whole area included by the four infinite branches of 
the curve, and the asymptotes HK, ML is equal to the area of the 
circle AFBF'. 

6. Let ABC be a right-angled triangle, whose base AB is given, and 
m the variable hypothenuse produced, take CP, such that AC . CP 
may always be equal to BC^ Required the quadrature of the curve 
which is the locus of P. 

Let BX, BY be the axes of reference, and put 
AB = a, then we shall always have y / 

AP = V(a + x)2+y2 J^yi^ 

and, by similar triangles, ^ '^••... ^ \ ID 

AD : AP :: AB : AC, ^ \ 

that is, 

a + x : \/(a -|- x^ +^« :: a : ^^^ ^JoTWTJ^ 
AD : AP :: BD : CP, 
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that is 


a + x: 






:: X 








VCa + x)-^ 


+ y* 


= ^^(- + 


«)« + y» 






AD : 


DP 


:: AB 


: BC, 




that is 


















fl-hx 


• y 


:: a 






hence, 


by hypothesis, 


















aj? 


{(a + i)' + j,'}, 






- (« 


•{•xf 




from which we get 
















y = 


flX + X* 





the equation of the curve. When x = 0, y = 0, and when x is negative, 
y is imaginary, /. the curve begins at B; when x:= o, y = oo ; hence, 
making BE = BA, the perpendicular through E will be an asymptote 
to the curve. 

For the quadrature we have 

Jydxz:^ f -\- I 

U Vax — X* «>^ Vax — x' 
= — a» versin.-i _- _ (-- a 4. -.) Vax— «c^(S^ ex. 5, p. 48), 

the correction C is 0, because the integral ought to vanish for 0: = 0; 
hence, when j:=:a, we have 

''^o . i« '^ a ,a , ,^. 
u=:—-a^ versm.— » 2 s= — - . -— (--- verstn.-* 2), 
8 2 2 ^2 ^' 

the quantity within the parentheses is obviously the length of the semi- 
circle on BE; hence the area of the infinite space between the curve 
and asymptote is equal to 7 times the circle on BE. 
7. ACB is a given semicircle, CD any ordinate: join AC, and draw 
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DP perpendicular to AC. Required the quadra- 
ture of the curve which is the locus of P. 
Draw CB, and put AB = a, AD = z, then 

and (Young's Geometry, p. 91), 

AB : AD ;: CD : PG, 

that is, 

a: X :: *s/az — t* : PG=— ^at — i*s=v, 
a ^* 

also 

AB : AD :: AD : AG, 

that is, 

a : z :: z : AG= — = x, 

a 

consequently 

a a 

fydx^—f:^ dx N/Sr=? = |./x*rf*N/a'37 

This integral satisfies the condition of integrability at art. (21), and, if 

taken between the limits j = and x = «, values for which y becomes 

0, and beyond which y becomes imaginary, we shall have, for the area 

of the whole curve, 

6 
w ^ -r- semicircle ACB. 

8. To determine the area of the catenary. 
In' this curve we have found (ex. 10, p. 123,) that 

from which we get, by solving the quadratic, 



also, since universally 
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we have 



Multiplying this by the value of x, above, we have 

xdyssiadt 7 =g<fa — arfy 

V^a« + *« 

.',u=fxdyssafds^afdy=zas — ay .... (2), 

which requires no correction, since, s, y, and m vanish together. The 
area here found is that below the curve (see Jig. at p. 123) included 
between the tangent through the vertex, tiie ordfaiate at the extremity 
of $, and s itself. Subtracting then this area from the rectangle 

we have 

V as 5f >/«'*!- «• •*- a«, 

or since, by integrating (1), . 

y = alog. .... (3) 

.•■tl«0-y^T^lOg. *''''^°'t'^ -fl, (4), 



a 



the area above the curve. 

By putting in (3) for >/a* +? its value a -|- j:, above, and for s its 

value given by the first equation, it becomes 

y = alog. , 

which is the equation of the catenary between x and y. 
It is obvious that equation (3) may be written thus 

y V 

squaring each side, we have. 
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JL ^ 

JL r 

J a jp 

,',t=z-ja[e — e } . . . . (5). 

Proceeding in like manner with equation (4), we have 

y 9_ 

x = i.a(^» -he •}-« (6). 

9. To detennine the quadrature of the curve qfsiTies or sinusoid, 
its equation being ^ = sin. j: to radius r 

u^r (r — Vr* — y*. 

10. To^determine the area of the curve of tangents its equation 
being y s= tan. x to radius r. 

«tss^r*log.cos.x. 

11. To determine the area of the curve whose equation is 

beNreen the limits ^srO, jraet, 

12. To determine the aseaof tlkelopatb]nie.cuinr«» it^equation 
being 

lD9.a 

13,. Prove that the area of the common cycloid is equal to three 
times the area of the generating circle. 

14. ACB is a given semieiicle^ and DC any ondi- 
nate; bisect the arc AC in E, and join AC and AE, and 
upon DC take DF equal to the sum of the chords AC, 
AE. Required the area of the whole curve, which is 
the locus of F. 

40+J6V2^,^ 1^— irB 

Id 
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15. A£B is a straight line bisecting per- 
pendicularly the given straight line DEC. From 
D, one of the extremities of CD, draw the straight 
line DFP, cutting AB in F, and make FP equal 
to EF. Required the area of the curve which p 
describes. 

u ^ semicircle on DC + 2EC*. 

16. To determine the area abed included 
by the four branches of the evolute of the ellipse. 

(69.) We shall now investigate the formula for 
the quadrature when the curve is referred to polar 
instead of rectangular coordinates. 

In finding the lengths of curves, the formula of 
rectification was changed from rectangular to polar 
coordinates, by merely changing the independent variable from jeijout, 
the analytical value of the expression remaining unaltered; but in the 
formula for quadrature this change is not sufficient, for the ana- 
lytical value of the function representing the area requires to be altered, 
since the spaces between the curve and the rectangular coordinates of 
any point in it, and the space between the curve and polar coordinates 
of the same point are themselves different. Thus 
the space between the curve AC, and the rectan- 
gular coordinates of the point C is ACB, but the 
space in reference to the polar coordinates of the 
same point is ACA, so that, calling, as before, 
the former space i*, the latter will Joei xy — u, it is therefore, the -dif- 
ferential of this expression, taken relatively to a:, that we are to trans- 
form to an equivalent differential, having u) for the independent variable, 
du 




and not the differential -7-, 
dx 



Hence, putting v for the area ACA, 
and differentiating relatively to j:, we have 



dv 



1 



dx^ 2^^ dw"^^^ dx 

and changing the independent variable from x to <«>, and multiplying by 

dx 

—■ — y there results 
dia 



Digitized by 



Google - 



TBB IHTTEORAL CALCULUS. 137 



or, since =:y, 






cfr dy 

in which equation, if we substitute for x, y, -— — and -p-, their values 

du on 

in terms of r and nf, as given at page 117 of the Diff, Cak. we shall 

have for the formula sought 

do> 2 2*' ' 

r being a function of w, given by.ihe polar equation of the curve. 



EXAMPLES. 

(70.) 1 . To determine the area of the spiral of Archimedes. 

If the area is measured from the pole, then m =s 0, when r s=0 .*. C = 
and the expression for the area is 

buty^if theare3.iS:measuredfrom.the point rssr', tbenr is 0, when 

r» 
r =s / .-. C = , and the expression is 



vz 



6a 



for the area comprehended. betwee& the two radii vectores r', r. 

2. Tangents are-dsasnx to an equilat«ni hypfirhola^ and per- 
pendiouiarsto them ase drawn, from the-centres required the< equation 
and quadrature ofthe conrei which is th& locus of the intersections. 

w 2 
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Taking the diameters of the hyperbola 
for axes, we have for any point (x\ y*) th« 
equation 

and foT the equation of the tangent through it 
also for the perpendicular to this from the origin 

Eliminating j/, y', by means of these three equations, we have between 
{x^), the intersection of the two latter lines, the equation 

for the ^ocus sought. This curre is called the lemniscata of Bemouilli. 
To transform the above equation from rectangular to polar coordinates, 
we must substitute for x and ythe values 

a: = r cos. crf ; y := r sln« A), 

which will give the polar equation 

r* — a^os.' fit — sin.' «) ^ 0, 

or, substituting cos. ^ut for its equal cos*« — sin.' w, 

f^ — a' cos. 2ci> = 0, 

from which it will be easy to discuss the figure of the curve. Thus, 

when a> = 0, r= ± a; hence the curve passes through the extremities 

of the transverse axis of the hyperbola; it also touches the hyperbola at 

those points, for if r were any where greater than a, cos. 2a> would, by 

the above equation, be greater than 1, which is impossible. When 

. . . v Stt 5ir Ttt , , 

r = 0, w must be either — , , or , so that the curve passes 

4 4 4 4 

through the centre of the hyperbola in four directions, being, .indeed, 

the directions of the asymptotes; these are, therefore, tangents to it: 

hence the curve consists of two leaves, as represented in the diagram. 
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For the quadrature we have, by diflferentiating the polar equation, 
tdr^-^a^ sin. ^ta dta 



• 

Between the limits r^=za and r = 0, which comprehends the upper 
segment BC, the area is \ a\ which, being a quarter of the whole area, 
we have for the entire curve 

v = a', 

the square described on the the semi axis of the hyperbola. 

3. To determine the quadrature of the curve in example 7, 
page 133, by means of its polar equation. 

Call the diameter AB, «, AP = r, PAB = w, then we have 

AC = AB COS. ii>, AD =: AC cos. w, AP s= AD cos. <»» 

.*. r^acos.^w 

the polar equation of the curve 

1 a' 

r. — fr»dio= — /cos.«wrf«, 

this integral is (34) 

a* sin. afr,,5 -.5'3 

2" ' — T" ^^°** * + T ^^^* "^ ■*■ r^ ^^*- *J + 

o» 5'3'1 

which, between the limits a>i=iO, ws= — , comprehending the whole 
curve, is ^ ^ ^>- ^ 

wiiich is — -, the semicircle ACB. 

4. AM, AN are straight lines perpendicular to each other and 
a straight line BD of given length having its extremities always in them 
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is moved from a hoiizontal to a vertical positioii. If in BD, BB be 
taken always equal to BA, wbat will be the area of the curve in which 
F is always found. 

Put DAF = w, AF = r, and BD = a^. also.aq 
draw BE perpendicular to AF, which will bisect 
the angle FBA of the isosceles triangle BF A, and 
the angle ABE will be equal to the angle DAF; 

Now AB = BD COS. ABD =s BD cos. 2 w ; AP 
= 2 AB sin. a» = 2BD sin. ta cos. 2v, that is, 

>• ^ 2a sin. o» cos. 2<tfy 
the polar equation of the curve; heaee 

—/r* dia =s 2aV8in.^» cos." 2^ dia, 

OT, substituting {Gregory^ s Trig* p. 43,) 

1 — 2 sin." A) for cos. 2w 

-— /r" dia = 2a"/ sin." <adw — 4 fain.* « d« + 4/sin. « w rfw, 
2 

which for the whole curve, or between the limits w ^ o, w ^ 45*^. 
becomes* 

«= '0594(1". 

5. AB is the diameter of a given circle, AC any chord, CD per- 
pendicular to AB, and P a point in AC, so taken that AP" = AB • C D. 
Required the quadrature of the curve which is the locus of P. 
Put AB =: fl, and PAB = w, then 

AC = AB cos. «, BC.=3 AB sin. », ^^ 

therefore twice the area of the right-angled triangle 
CAB is 



AB" sin. at cos. oi -ss AB • CD =b AF" 



that is, 




* It is obvious, from a slight examination of the.eqnutioQi of the curye> 
that the entire locus of that equation consists of four leaves, symmetrically 
situated round the. point A, but onlyoAeofrthesftxan^coiiie-wiiliin the 
geometrical restcictlons of th^ tprohl^m* 
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7^^ a* sin. <tf COS. <tf = -r- sin. 2w, 

the polar equation, from which it appears that r:= 0, both when w ssO, 
and when w = 90°, so that, while ihe radius vector passes through 90? 
on either side of AB, one 2eo/*of the curve will be described.* 
For the area of this leaf we have 

1 a* a* 

-— -/ r* rfw ^ —/sin. o» cos. ladia^ — cos.' w + C, 

2 2 4 

which, between the limits of the curve is 

a* 
V SB -—- = the square on AO, 

so that the whole area of the two leaves is equal to half the square of 
the diameter, or to the rectangle £F. 

6. To determine the area included between two radii vectores 

r^, r, of a logarithmic spiral, its equation being rz=a . 

where m is the modulus of the system of logarithms whose base is a, 

7. To determine the area included between two radii vectores 

a 
r', r, of a hyperbolic spiral, its equation being r sk — . 



V 



_ «(>-~0 



8. To determine the polar equation and quadrature of the in- 
volute of the circle. 

Polar equation aut =: ^/f^~^^* — a cos.—* — 

r 

Quadrature v = ^ — « . . ■" ■ f ' . 

6a ^ 



-■•4 






♦ It is obvious that the curve can consist of but two leaois or loops, as 
well from the geometrical restrictions of the locus, as from its analytical 
representation above; for when ia exceeds 90°, r becomes imaginary 
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9. From a given point in the circumference of a given circle 

any chord is drawn^ and from its extremity a line is drawn to the centre. , 

If firom the centre a perpendicular to this line he drawn, what will be | 

quadrature of the curve which is the locus of its intersection with the I 

chord? I 

The whole area of the locus is * 4292 x ''^u^ of circle. 

10. Between the sides of a right angle a straight line is drawn 
so as to enclose a given area; if from the vertex of the right angle a 
perpendicular to this line be drawn, what will be the quadrature of the 
curve, which is the locus of the intersection. 

The area is half that of the tinangle. 



r\ 



l^-x 



ON THE QUADRATURE OF CURVE SURFACES, AND ON 
THE CUQATURE OF VOLUMES. 

i> 

(71.) Let AB be an arc of any plane curve, 
and let it be required to find the differential ex- 
pression for the surface generated by the revo- 
lution of this arc about one of the coordinate 
axes, as the axis of x, " %. S" 

Let BC be any increment of the arc AB, and draw the cl^ord BC, 
and the tangent BD, meeting the ordinate FC in D. Then, since the 
bent line BDC envelopes the curve line BC, if the system of lines re- 
volve round AX, the surface generated by BCD will envelope that gene- 
rated by the curve BC; the former surface, therefpre, will be greater 
than the latter (.Sec "Note C). Again, since the curve BC envelopes 
the line BC, the sut&ce generated by the revolution of Uie fiHiner will 
be greater than that generated by the revolutipn of the laitter. H^nce 
the surface generated by the arc BC is always of intermediate magni- 
tude between the surfeces generated by BDC and by BC^ Let us then 
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seek the limit of the ratio of the two latter surfiices, for, if this shoald 
be unity, then the ratio of the intermediate siu&ce to either must in the 
limit be necessarily unity. 

The sur&ce generated by BD is a conical frustum or trunk, and we 
know, by the principles of common geometry, that every such surfiu^e 
is equal to its side, or the generating line multiplied by half the sum of 
the circumferences of the two ends; also the anniAar space generated by 
DC is equal to its length multiplied by half the sum of the circum- 
ferences generated by the ends D, C. 

Hence, for the largest of our three surfaces we have the expression 

irBD (EB -h FD) + irCD (FC + FD) . . . . (1), 

and for the smallest the expression 

irBC (EB + FC) . . . . (2), 

and we have now to aseertam the ratio of these expressions in the limit, 
that is, when £F = A s= 0. To effect this more readily it will be requi- 
site^ develope these expressions according to the powers of h. Now 
it is obvious that 



BD=>| /*«-h-^A«,EB-|-FD = 25f-|-^A, 

FC+FD=:2y-h2|A + -g-.^+<fec. 
also 
BC=n/bG«-|.GC* = ^{A»+ (gA+^ _^ + &c.)n 

dx ^ da^ 1-2 
hence, by substituti<»i, tiie expression (1) is 

2^A + &c.) 
ax * ^ 
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and the expression (2) 

Dividing each of these by h, and then putting A ^ 0, their limiting 
ratio is 



1» 



consequently, when A=0^ then 



inc. of surface _ dS _ J rfy» 

A — dx ^^ ^ dx« 



.-. S = 27r^y ^ 1 -h -^ dx = ^irfyds, 
We shall now apply this general formula to some examples: 



EXAMPLES. 



(72.) 1 To determine the surface of a sphere. 
The equation of the generating circle is 



• To persons familiar with other modes of investigation the above process 
may seem unnecessarily long \ but it is apprehended that most of the shorter 
methods will be found, upon examination, to be deficient in rigour. Thus 
Francxur (Cottrs de Math* torn, 2, p. 341,) reasons as if the surface gene- 
rated by the arc were of intermediate magnitude between those generated 
by the chord and tangent, which is not necessarily the case. 
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consequently 



= 2wfrdx = 2irrx + C. 

Between the limits jr^O, j: ^ r, this is 2'jrr^; hence the surfece of the 
whole sphere is 

* = 4irr», 

which is equal to four times the area of one of its great circles. 
2. To determine the surface of a spheroid. 
The equation of the generating ellipse is 

or 

y = \/(l-e«)(a»-x«), 

from which we have already found (art, 61) 



dszsz——: dxy 



consequently 



but v^i— e« = ~, therefore 



Now, as we have observed at (68), the integral 



a 
zone of radius — , the s 
c 

therefore, calling this circular area A, we have 



a 
is equal tol;kalf a circular zone of radius — , the sine of the arc being x; 

e 
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a 



If jr s= a, then this expression will represent half the entire sur&ce, or, 
calling the corresponding yalue of A, A', we have for the whole sur&ce 
of the spheroid 

a 

3. To determine the sur&ce of a paraboloid of revolution. 
The equation of the generating curve being 

we have 






hence 



But 



/(4y» +/»«)* y rfy = ^ (4y» + p»)^ + C. 

.••S = J(4»« + p»)* + C, 
which, between the limits y^O,y=y,is 

4. To determine the surface generated by the revolution of a 
catenary about its axis. 
We have abready found (p. 123) that in this curve 

.-. a« 4- *«= a* -f- 2ax + x« .-. 's/a^^T? = a -f x; 
hence ^ 

sds 

"" Va« -f- *» 

consequently 
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dy = n/*/**.— rfx* : 



Now 
hence 



S = 27ry* — 2air / — 

= 2iry» — 2a7r n/c* -f *» 4. c. 
When « = then 8=0 /. = — 2a*ir + C /. C=:2fl«ir therefore 
S = 'iirya — 2aw >/a«-h** + 2a« w, 

ivhich is the area of the sur&ce,' in terms of y and 1, s being the length 
of the revolving arc measured from the vertex, and y the ordinate of its 
extremity. If for v^a*-f-5* we substitute its value above, viz. a -f -r, 
the expression for the surface becomes, in terms of j, y and 5, 

S = 2wy* — 2aw«. 

5. To determine the sur&ce generated by the revolution of a 
cycloid about its base 2a 



S = 



lair 



To determine the surfece generated by a cycloid revolving round its 
axis, the diameter of the generating circle being a, 

S = (^-i-)2ira». 

Cvhature. 

(72.) Let us noyr investigate the differential expression for the volume 
bounded by the curve surface generated by the 
revolution of AB,* and by the planes generated by 
the revolution of the ordinates of A and B. Let 
BC be an increment of the arc AB, taking care, 
however, that this increment be not so large that 
the ordinates between £ and F may first inckse, 
and then decrease, or that they may first decrease 
and then increase; but this interval must be taken so small that the 
ordinates from^ £ to F may continually increase or continually diminish. 
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The necessity of this condition will appear, when we state that we are 
about to found our reasoning on this principle, viz. that the volume 
generated by BC is always intermediate in magnitude between the 
cylinders generated by BG, CG', however we diminish the original in- 
crement EF = A, a principle which would not be necessarily true if 
either of the parallels BG, CG', could cross the curve BC, and, to render 
this crossing impossible, the foregoing condition must obviously be ob- 
served: we say the solid generated by BC and the cylinder generated 
by BG, &c. for shortness, of course it is to be understood that the ordi- 
nates of the extremities of these lines revolve with them. 

Admitting then that the solid increment generated by BC is always 
intermediate between the two cylinders, let us seek the limiting ratio 
of these latter. 

The volume of a cylinder is equal to its base multiplied by its height, 
therefore the volume of the cylinder generated by BG is n'^A, and that 
generated by CG' is 

the ratio of these is 

»»• 



(** + -¥■* + *'•> 



which when A = becomes unity. Hence the ratio of the intermediate 
volume or the increment of the proposed volume to either of the cylin- 
ders is unity in the limit, that is 



EXAMPLES. 

(78.) 1. To determine the volume of a prolate spheroid. 
Since the equation of the generating ellipse is 

.'. V = 7r/y« rfx = -^/(a« - x«) dx == 7r6' (x - -^) + C, 
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and for the whole solid, that is, between the limits « =s a and x = — a, 
this integral is 

V c= ariM2a - y a) = -i iraA«, 

and since the circumscribing cylinder \shr .h .2a, it follows that tlie 
volume of the spheroid is two thirds of its circomscribing cylinder. 

When a=s 6 the spheroid becomes a sphere, which is therefore equal 
in volume to two thirds of its circumscribing cylinder. 

2. To determine the volume of a paraboloid. 

Since here y^ sspx .-. ir/y« dx =r vpfx d* =± ^ x» + C, 
...V = f^ = ^,.x. 

which is half the volume of the circumscribing .cylinder. 

3. To determine the volume generated by the revolution of the 
catenary about its axis. 

By example 4, p. 146, 

sds ^^ ads ^__ adx 

and the formula for cubature being decomposed is 

fl-/y»rfx=ir(y»i — 2/xyrfy) .... (>). 

If for dy we put its value above, we have 

xdx 

9 

9 

but from the equation of the curve 



xydyszay- 



xdx adx __^ , 

so that 

«y dy ssayds^ ay dy, 

and consequoxtly 

fxydy^szafyds — .... (2)^ 

substituting this in (1) we have 



o 2 



Digitized by 



Google 



150 THE INTEGRAL CALCULUS. 

Sflr/y ds = Surface = 2tryf — 2airx j 



but 

hence, finally. 



V = iry*x -|- fl«y* — 2airy* — 2a* irx, 

which requires no correction. 

4. To determine the volume generated by the revolution of the 
parabola y* = or about the axis of x : 

« -|-2 ' 

5. To determine the volume of a parabolic spindle which is 

generated by the revolution of a parabola about its base b, the height 

being a: 

16tra«& 

15 ' 

(74.) It ought to be remarked here, that there is another method in 
which volumes of revolution may be easily conceived to be generated, 
viz. by the motion of a curve parallel to its own plane and varying in 
magnitude according to a fixed law. Thus the volume of revolution 
upon which our observations in art. (72) are made, may be considered 
as generated by the motion of a circle whose radius is y; the centre 
being always on OX, its plane being always perpendicular to this line, 
and its radius varying according to the law of the variation of the 
ordinates y of the directrix ABC: and, viewing the generation as 
effected in this way, we may say, agreeably to the general result 
obtained in the article referred to, that the differential of the volume is 
equal to the area of the generating circle tnultiplied by the differential 
of the axis. This theorem is indeed true whatever be the generating 
area, provided only that, as in the case of the circle, it varies agreeably 
to some law dependent on the equation of the directrix; or, in other 
words, provided we can always express this in general terms as an 
invariable function of x and y, the general coordinates of the directrix, 
and therefore of x simply. 

Thus, let us suppose AB in art. (72) to be the directrix which 
governs the magnitude of the generating surfisuse whose edge is BE; 
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then, taking the same increment EC of the volume as before, we shall 
have to constitute on the sections BE, FC instead of cylinders, prisms 
BF, FG', between which the increment of the volume will as before be 
always intermediate. Now the ultimate ratio of these prisms is as 
was shewn of the cylinders unity, for their volumes like those of the 
cylinders are expressed by the product of their bases and heights: so 
that, as we may by hypothesis represent the one base by fxy the other 
will bey*(jr + A), and therefore the ratio of the prisms themselves 
will be 

A/f 

which, by first dividing by h and then taking the limit or putting A ;= 0, 
becomes unity as in the former case : the theorem above is therefore 
generally true. Let us give an example of its application to the solid 
called a circular groin. The generating area in this case is a square, 
and the directrix, to which it is always perpendicular, a semicircle 
passing through the middle points of two opposite sides. 

Taking as axis of or the diameter perpendicular to the moving plane, 
and the vertex as the origin, we have for any ordinate of the directrix, 
that is, for half the side of the variable square, the expression 

3/ = V 2a* — x'; 
hence, the area of the square is 

4(2«x — «»), 
therefore this multiplied by dx gives 

rfV = 4 (2ax — x») dx .«. V = 4/(2ax -- *«) dx 

=s4a»» —.--«», 

C being because the expression for V ought obviously to vanish 
with 07. As another example, let it be required to determine the volume 
of an ellipsoid. 

The equation of the eUipsoid being 

aH« s* -i- 1« c« X* -f a" c«>* = a« 6« c*. 



Digitized by 



Google 



152 THE INTEO&AL CALCULUS. 

it follows that the geQeral equation of a flection at any distance z irom^ 
and parallel to, the plane of j^, will be 






considering, therefore, this as the generating ellipse, we have for its 
semi-«xes a\ h', 

a = — — ^— 
c 



and consequently for its area (see ex. 3, p. 129,) 

ira 6 = ^~ ' ; 

hence, multiplying this by dz and int^rating, we have 

This for the whole volume, or between the limits 2: = c, ^ =s — c, 
becomes 

V = -r- wahcy 

which is equal to a sphere whose radius is equal to v^ abc. 

The formulas given in the present chapter for the quadrature of curve 
surfaces and the cubature of their volumes, will be found sufficient 
for most practical inquiries, as the curve surfaces presented to us in 
nature or employed in the arts are almost invariably sur&ces of 
revolution. In order however to complete the subject of this chapter, 
we shall now investigate general expressions for the volume and surfiice 
of any body that can be represented by an equation.* 



* The student may if he please pass over the remainder of this chapter, 
for the present. 
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Let the equation of any curve surface be 
2 = F(x,y). 

Draw four planes parallel two and two to 
those of xz and yZy and let us seek the analy- 
tical expressions for the volume V and the 
surfiice S of the body MNEF, contained 
between these limits. 

Let X and y take the increments h and ky by which means the point 
M or (Xf y, z,) will be removed to C, and the whole increment, taken 
by the body in consequence of this change, will consist of the two 
slices enclosed between the planes ME, SD; SB, FM. The sum of 
these expressed analytically, that is the increment V — V, is (Diff. 
Cole. p. 84,; 




dx dtf djr 2 dxdy rfy* 2 



If from this total increment we take the two parts MG, MH, there will 
remain the column MS; the parts to be subtracted are 

dy dy* 2 ' 

therefore the remainder is 

MS = :j-f- hk + Ac. 
dxdy 

By the same process we find for the surfeice MC, 

MC = -^ hk + <fec. 
dxdy 

Now the volume MS is obviously always intermediate between two 
prisms on the same base, and of which the altitudes are respectively 
SC, PM * As these prisms are to each other as their altitudes, we 

* The increments h, k, are to be taken so small that the surface MC 
may be entirely convex or concave. 
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have for their ratio 



» + / 



/ being the increment of z corresponding to the increments h and k ; 
hence in the limit, or when / = 0, the ratio is unity, and consequently 
the ratio of the intermediate volume to either prism is unity in the 
limit, that is 

^ hk 

%hk ~ '*' dxdy ^' 
therefore, multiplying by dy and integrating with respect to j^, we have 

and multiplying by dx^ and integrating with respect to or, we obtain 

finally 

y^SStdydxy 

so that the volume is obtained by a double integration, which is per- 
formed by integrating first on the supposition that one of the variables 
j:, y, is constant, and then multiplying the integral properly corrected, 
or between the proper limits furnished by the problem, by the diflfe- 
rential ofthe variable, at first considered constant, and integrating again. 
This will be best explained by an example. 
Let the sphere be proposed, then 

hence 

dxdy ^ ' 5 

let us first integrate relatively to x, that is on the supposition that this 
is the only variable, and we shall have 




-^ = y N/r» - j»— y* . rfx. 



in which integral y isconsidered a constant, therefore its value is (68) 
half a circular zone whose radius is vr* — y* and abscissa x. 
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It may be observed here, that the constant y being represented by 
AP, and the variable x by AQ or PN, this zone will obviously be that 
portion of the vertical section of the spherical quadrant which stands 
upon PN ; the utmost limit to which x or PN can extend is from P to 
M, therefore, taking the for^;oing integial between the limits x-^O, 

X = PM = V r* — y, it becomes — (r* — y"), which must therefore 

4 

express the area of the whole quadrant standing on PM. y is now 

to be considered as variable, and therefore this is a general expression 

for every vertical section of the spherical quadrant, of which the plane 

is parallel to AB; we know therefore from last article, as well as from 

the general expression for V in this, that 

V= ^f(r*—9') rf» = f(r»y- f ). 
which^ between the limits y^Oyy^r, gives for the sphericsd quadrant 

and therefore the volume of the whole sphere is eight times this, or 

3 

(75.) Let us now consider the surface MC, for which we have 
already found the expression 

MC = ^ hk -f <fec. 
dx dy 

for the purpose of determining between what two sur&ces, ultimately 
in a ratio c^ equality, it must be always intermediate. Let the sides 
of the vertical column MS be produced upwards, and still considering 
M to be the lowest, and C the highest point on the surfece MC, 
conceive tangent planes to be drawn to the surface at M and C ; of 
these the portions contained within the vertical planes will be the 
former greater in surface than the convex surfece MC, and the latter 
less in surfece, or the contrary if the surfece MC is concave : it will be 
necessary to prove this. 

And in order to this we may first observe that if^ through the point 
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of contact of one of these tangent parallelograms, any vertical plane be 
drawn, the linear section on the parallelogram will be a tangent to the 
curve section on the sur&ce MC ; and it is at once obvious that if^ 
whatever be the direction of this section, the tangent is always greater 
or always less than the arc, both being terminated by the vertical sides 
of the column MS, the surface which is the locus of these tangents 
will accordingly be greater or less than the surface which is the locus 
of the arcs, that is than the surface MC : this being admitted, which is 
indeed axiomatical, our proof will be reduced to the shewing, that in 
the sections of which we have been speaking, the tangent really is in 
the one case always greater than the corresponding arc, and in the 
other case always less, and this is proved as follows . 
Let MC be any arc, AM and BC the ordinates of 
its extremities, the former being the shorter and all 
the ordinates from A to B being in increasing order; 
then the tangent CM' is obviously nearer to the 
perpendicular CH on AH than the chord CM, 
therefore CM' is shorter than CM, and consequently 
shorter than the arc MC. Also the tangent MD must be farther from 
the perpendicular ME than MC, and must Aerefore cross CH some- 
where in F between the parallels. Now FC, FM, are together longer 
than the arc MC, (Geom, p. 204, j and FD is longer than FC, conse- 
quently MD is longer than the arc MC. If the arc had been concave 
to AB instead of convex, we should have found by the same reasoning 
that CM' would have been greater and MD less than the arc. Our 
proposition is therefore established, and it remains to find analytical 
expressions for the two tangent parallelograms between which we have 
now shown the surface MC must be always intermediate. We know 
that the tangent plane at the point (i-, y, z,) or M, is inclined to the 
plane of xy at an angle of which the cosine is (Diff. Calc, p. 164,^ 

1 



IT 


] 


> 


k 


^ 


c 








JL i 






and as a parallelogram situated in space is equal to its projection on 
the plane of xy divided by the cosine of its inclination to that plane, 
it follows that since the projection of either of our parallelograms is 
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:=zhky we must have for the area of tha ttouphing at M the ex- 
pression 

the quantity under the radical being a function of x and y we may 
represent it hy f(x, y), and to find the expression for the other 
parallelogram or that touching at C, we shall merely have to change in 
this X into x -}- A and y into y -^k, multiplying the result as before 
by hk. Now 

consequently, the general expression for the ratio of the t>yo parallelo- 
grams in space is 



which when h and k become reduces to unity; hence in the limit the 
ratio of the intermediate surface MC to either of these parallelograms 
is unity, so that then 

d^S , rf«S 

TT + *C. -T--r- 
dxdy , axdy 
— ^ becomes ^ 



therefore 



As an illustrative example let us take as before a spherical surface. 
From its equation 

we get by differentiating 

dz X dz y 

dx t ' dy s ' 
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aud these values substituted in the foregoing expression under the 
radical reduces it to 



Ji + $4--5 = 4^*' + y' + ''=f 



hence 



rfS r 

dx dy s/fA^_^^^ ' 

Integrating relatively to a:, ^ being, £ot the present, considered 
constant, we have 

dS /» dx _ i «i * 

this taken as before between the limits P and M, (see fig. p. 154,) or 

from i=:0 to x^vr* — y» is — , which is the quadrantal vertical 

arc subtended by PM; and multiplying by £fy, and integrating again, 
have finally 

which from j^ =: to ^ = r becomes for a quarter of the hemisphere 

7rr« 

— ' and therefore the surfece of the whole sphere is 4Trr*. 
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CBAFTBlt ZZI. 

MISCELLANEOUS INTEGRATIONS. 

(76.) The present may be considered as a supplementary chapter to 
what has already been said on the integration of functions of one 
variable, and in which it is intended to exhibit a few examples of the 
transformations to be effected in order to bring certain differential 
expressions to integrable forms. 

EXAMPLES. 

1 . Required the integral of 



Multiplying both numerator and denominator of the function by the 
numerator it becomes 

(2a -^- x) dx adx -j- xdx adx 

>/~2ax-\-a^ >/2a^4-jF« >/ 2flW -f a;* * 

The proposed differential is thus divided into two others immediately 
integrable: the first by the rule for powers art. (4), and the second is 
integrated at p. 34, ex. 12; hence 

^^i— rfx = V 2ax -h^ + « log- (* -f a + V 2ax -f 3i^)-\- C. 

It may be proper to observe that as the proposed satisfies the 
criterion of integrability at (21), it may be integrated by the method of 
substitution there explained. 

2. Required the iptegral of 

xdx 
V aa? + «?* . 
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By first adding j^adx U>, and then subtracting it from, the numerator, 
we shall convert this differential into two others, of which one will 
obviously be immediately integrable by the rule for powers; thus we 
shall have to integrate 



i adx -\' Jpdx ^adx 




3. Required the integral of 



a\ «--^ 



Multiplying numerator and denominator by >/ a — x this becomes 
adjp — xdde 



V OJ? — JP* 

which would be the differential of V or — ifi if the numerator were 
diminished by i adx; hence, first subtracting and then adding ^is 
quantity, we have 

iadx — xdx ^ p j adx 



J X J ^ ax — a* J ^ ax — J 



/ 1 2,r 

^s,*>i ax — j^ A a versin.— * f- C. 

4. Required the integral of 

(1 — a^) dx 



(I +««)n/ 1 +o«»-f «* 



Divide both numerator and denominator by a^ and the expression 
becomes 

1 —a* 



1 -f^ n • 
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Put 

also 

,*-2 = ^ + **, 

consequently the proposed differential becomes tiansformed into 

of which the integral by ex. 8, p. 34, is 

, log. -JL-L X . 



5. Required the integral of 
l-hoc* 



dx. 



(1 — ^)>/l-ha?* 
Assume 

y(l-x») = l+x«...x'=r|^ 

...^ = ^ 



Also 



(y + i)*"" (yH-i)»' 

heDCCy by substituting these values in the proposed expression, it 
becomes 

ydy 1_ 2 y rfy _ dz 

2* (y^ — l)i 2^ (y* — 1)* '^2« — 1 
« being put for 5^'. The integral of this is (18) 



2$ 



f2 
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6. Required the integral of 

>/ 1 4- COS. a? . rf*. 
Put 

1 -I-C08. x = « ••. — 8ln.a:rfx = rf«, 
therefore 

dn. X rfa: __ dz 

Vl — C08.X n/2 — s 

but 

sin. X __ sin, x n/T"+ cos, jy _ sin, x V^T+Tos. jr 



= V 1 -f- COB. a? ; 
hence 

that is 

/>/ 1 4- COS. !» dx.= 2 >/ 1 — COS. * + C. 

7. Required the integral of 

sin. mx sin. nx <^. 

Since by Trigonometry 

COS. (A — B) = COS. A cos. B + sin. A sin. B 

COS. ( A + B) = COS. A COS. B — sin. A sin. B 

.-. 4- «os. ( A — B) ~ 4" COS. (A 4- B) = sin. A sin. B, 
2 2 

or, substituting mx for A and nx for B, we have 

sin. ffix sin. wx = -— cos. (m — n) x —- cos» (w -f ») x ; 

hence, multiplying by dx and integrating, we get 
/sin. mx sin. nxdx^s- 
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— - / COS. (m — n)*dx — •— / coi. (01 +») x</jr 






8. Required the integral of 

COS. mx COS. nx dx. 
By adding together the two trigonometrical formulas above, we have 

4-C08. (A — B) +4-COS. (AH- B)s=:co«. A . COS. B} 
2 2 

hence 

C08.msco8.itx:=---coa. (m — »)« -f— -cos. (w-f *> 
2 2 

therefore multiplying by dx and integrating 

/ cos. mx COS. nsdx^s, 

1 y Sin. (m — n)x sin. (m -f ») J , 

In like manner, by adding together the expressions for sin. (A 4- B) 
and sin. (A — B), we get 

/sin. mx cos. nxdxss 

1_ . cos, (m-f «) J cos.(»t — m)x , 

2 * m -t n "• tn — ra '*' 

9. Required the integral of 

da 



a -{- b sin. or * 
Substitute y for sin. x, then 

therefore the expression becomes 



(a rf W ^'^T^' 
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which may be rendered rational by (17), or, putting 

l-y« = (l- 
the expression becomes 



l-y« = (l-y)«z«.-.y=J-p-j.-.rfy = ; 



2dz 



which is rational. 

10. To determine the integral of 

Ax*dx 
VPxa — «* — q' 

Tliis may be done by developing the denominator in a series, but 

there is a neater and much more commodious manner of expressing the 

integral, since the proposed differential may be assimilated to that of 

an elliptic arc. Thus, calling s the length of an arc of an. ellipse, we 

have (61) 

Va* — €«a» ^ 
as = . — dx, 

and if in this expression we put 

a^ AS 

o* — €«*•»=*'« or a«—^-^ «« = jc'2 
a* 

we shall have 

a ^Z a^ — x^ 

* = T— 

. ax' dx /-T r a V :t'^ — 6* 

.^dx^—pr. . , Va*— X* = . 

Via -_ ^a V a* — s!^ Va» — ^2 

sT'dx' 



•. ds = 



V (a« 4- 6>) x^ — "X * — aU» ' 



Hence the integral sought may be expressed by the product of a 
constant fiictor A by the arc of an ellipse, of which the abscissa of the 
extremity is x. The axes of the ellipse are found by equating the 
expression under the radical here with that in the proposed differential^ 
which leads to 
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whence the axes are 

so that the integral of the proposed differential is A times an elliptic 
arc of which these are the axes, and of which the abscissa of the 
extremity is 

It must however be observeid that this is not the case unless P > 2 ^/ Q, 
for if P < 2 x/ Q the axes become imaginary, and if P = 2>/Q, then 



N/p,a-.dp4_Q or4 (-^P« — Q) — (.» — i-P)« 

is obviously imaginary. 

11. To determine the integral of 

Adx 



In the expression 

da = , dx 

put 

and we get 

* = 7 > 

whence 

da^' 



therefore, comparing this with the proposed, which we may write 



A — Qrfx 



Q x«>/Px»— .X* — q' 
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we see that the sought integral is — --- times an elliptic arc, the 
abscissa of whose extremity is 

and whose axes, as determined irom the conditions 

are 

2fl = >/P + 2^Q + VP — 2^/Q 

26=n/p + 2VQ — >/P — 2^/Q. 

12. To determine the integral of 

Ar^dx 

VPx2 -^ a* _ Q * 

The equation of the hyperbola is 

y>=:(e«— l)(x«— a*, 
in which 

,_«' + ** 



therefore, if * represent any arc measured from the vertex of the trans- 
verse axis, we have 

as = , — — dx. 



Assume 



hence 



_ n/ a^^ + g* . 



c 

_ x<£x^ x^; 

"" e Vx^ -I- a« ' >/ a-^ -f a« 



X « dx^ 

' V (aa — fc2) x'* 4:7*^'a*^ ' 
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which agrees with the proposed form. Hence the integral sought is A 
times the arc of an hyperbola whose abscissa is 

c 
and whose axes, determined from the conditions 
«» — &» = P,aH»=Q, 



2a = >/2P-f2 n/p« -I- 4Q 



26= >/-2P-f 2>/p«-f4Q. 
13. To determine the integral of 
A,dx 

In the expression for ds, in lajft example, put 

a o o oH« a ^ x^ -f ** 

and it will become 

— g«^»dy^ 

comparing this with the proposed expression when written 

A — Qd* 

— 7T X 



Q x»N/Pr»— x* + Q 



we find for the sought integral — -r- times an arc of the hyperbola 
whose axes are 



2a = >/ 2P 4- 2 n/ F» 4- 4Q 



26 = \/ — 2P -h 2 >/ P« 4- 4Q , 
and abscissa 
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14. To determine the integral of 



>1 A + TT^ . «^'. 



C— r» 

Every differential of this kind may be compared to that of an elliptic 
arc^ since it may be reduced to the form 

r dX. 

For the proposed form is the same as 

>/AC-f B — Ax^^ r77B"y ^^"~ AC + B ^*\^ 
— c/a:= ^jA-h — { 7== }<^^' 



I B 

which, integrated, gives ^J A + — times an elliptic arc, verbose abscissn 

\^ 

is jr, major semi axis /.yC, and excentricity 



C 



AC-fB 

In a similar manner may 



|A+;^-^.*. 



be integrated by means of an hyperbolic arc. 
15. To determine the integral of 

V A + By« , 

If we determine the expression for ds according to the second of the 
general formulas in (59) we shall find that when $ is the arc of an 
ellipse or of an hyperbola 
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the Upper sign for the ellipse, the lower for the hyperbola, and to this 
form the proposed may be assimilated by writing it thus: 



consequently the integral sought is -— - times an elliptic or hyperbolic 

arc, of which the ordinate of the extremity is y, and' of which the con- 

^ x/B 

jugate semi axis is ^C, and excentricity, c=sC — tt-j that is, the two 

semi axes are . , , - i^ 3 "/ • -^ 

^/ C and Vc»B±AC, ''' ' —■'''''<' ^ '' " J- 

the upper sign having place if the arc is elliptic, and the lower if it is 
hyperbohc. -^^ 



<:r^ OC. u, ^ ^. -^ a. :[C .'. (X =. ti' — ^• 
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SECTION II. 



INTEGRATION OF DIFFERENTIAL EXPRESSIONS OF 
SEVERAL VARIABLES. 



CBAVTBlt Z. 

INTEGRATION OF EXACT DIFFERENTIALS. 

(77.) Any expression inTolving variable quantities and their diffe- 
rentials is called an exact differential, when it is immediately derivable 
from some fiinction of those variables by the common process of diffe- 
rentiation. In such cases the primitive function is always readily de- 
terminable, or rather the integration may be always made to depend on 
that of a differential expression of a single variable. It becomes of 
consequence, therefore, when any differential expression is proposed, 
to be able to asceitain, first, whether it be an exact differential, and 
second, if it be exact, how to discover the primitive function. It will 
be the object of the present chapter to shew how these objects are to 
be accomplished. 

Eukr's Criterion of Integrahility. 

(78.) Let the proposed differential expression be 

Mdx -f Nrfi/, 

in which M and N are fiinctions of x and y. If this is an exact diffe- 
rential of any primitive function m, it must have arisen from differenti- 
ating u relatively to both the variables x, y. But 
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du du 

du =s: -r- dx -{- -— du I 
dx ^rfi/ ^ 

hence, if our supposition is correct, we must have the equations 

du du 

dx dy 

These, then, are the conditions from which we are to determine whetlier 

or not the proposed is really an exact differential, and they are quite 

sufficient for this purpose, inasmuch as they immediately lead to the 

necessary relation between M and N. For, let us differentiate these 

two equations, the first relatively to y, the second relatively to .r, and 

we shall have 

dM^__d»u^ rfN _ d^u 

dy dxdy ' dx dydx 

but, (Diff. Calc. p. 85,) 

d^u d^u . 

dxdy dydx 

hence, that the proposed may be an exact differential, there must exist 
this relation between the functions M and N, viz. 



dy dx 

which is therefore called the criterion of integrahUity. 
If the proposed differential contained three variables as 

Mdx -h Ndy + Prfz, 
then, as before, assuming the primitive function to be w, we have, since 



du . , du . du 
dttzsz-j- dx -\' — dy -\- -r- dz, 
dx dy dz 



the conditions 



consequently 



M 


_du 

^ dx 


,N=: 


du 

^dy' 


,P = 


du 
' dz 






dM 
dy 


= 


dN 
dx 








rfM 

as 


= - 


dV 
dx 
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dz dy 

are the necessaiy conditions of integrability, and it is obvious that 

generally for every differential function containing n variables, we must 

nin — 1) , y. ,. . .- , 

have — ^ such equations of condition, if the proposed is an exact 

differential, because this formula expresses the number of combinations 
of every two of the n variables. 
Suppose the given differential were 

(3a:» -h %axy) rfx -f- (ax« + 3y*) dy, 
then, since 

--— = 2o*, —T— = 2ax, 
dy dx ' 

we may be sure that the differential proposed is exact. 
Again, let 

(3x* — y) rfx — xdy 

2n/x»— ay 
be proposed, then 

fly 2Vx» — xy 2Vxa— xy 

<^ 2Va5 — ly' 2>/x3— xy 

80 that this also is an exact differential. 
But, if 

(«* y 4- y") <^a: — x« rfy -f. xy« dy 

be the proposed differential, then, since 

_=.«4.2y,_=y«-3x», 

we should infer that the differential in question cannot arise from vmrne- 
diatefy differentiating any function whatever. 

Let us now proceed to the integration of differential expressions, 
which satisfy the foregoing conditions. 



Digitized by 



Google 



THE INTEGRAL CALCULUS. 173 

Integration of Differentials which satisfy the Conditions cflntf^rulditff. 
(79.) As the first term M^x of the exact differential 

has been obtained by differentiating the primitive function u, as if v 
were a constant, it follows that if we integrate this first term on the 
same hypothesis, the integral properly corrected roust be the original 
function u, that is 

«=/Mdx-hC, 

observing, however, that in consequence of ^ being considered constant, 
it may enter the correction C, so that, as C may be a function of y, it 
will be better to write this expression thus : 

tt=/Mrfx4-Y . . . (1). 

By applying similar reasoning to Ncfy, the second term of the proposed 
differential, we should obtain for u the expression 

«=/Nrfy4-X . . . (2), 

where X the correction may contain x. It merely remains, therefore, 

to determine the proper correction Y or X in one of the equations 

du 
(1), (2). Let us take the first then, since N = — , it follows from (1) 

that 

dy '^ dy 



dy dy 



The quantity within the parentheses cannot possibly contain jc, other- 
wise this conclusion could not be deduced; it would, indeed, be con- 

q2 
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tradictory, seeing that Y cannot contain a*. Substituting in (1) this 
expression for Y, we have, for the complete integral sought, 

u = fu4r + y'(N-i=^)rfy .... (3). 

which is, therefore, a general formula for the integration of exact diffe- 
rentials of two variables. 

If we had taken equation (2) instead of equation (1) a similar process 
would have led to the general formula 

u^Jmy J^ JiU^JI^)dx (4.).: 

We shall now add an example or two of the application of these 
general formulas. 



EXAMPLES. 

1 . To determine the integral of 

(8«y --y«) dx + (3a* - 2iy) dy. 

In this example, 

M=s6ri/— y», N=3x« — 2xy 

rfM , ^ dN 

..._ = *x-2y = _, 

the differential proposed is, therefore, exact, and consequently the inte- 
gral is comprised in the general formula (3) or (4). Instead, how- 
ever, of availing ourselves of this formula, we shall employ the process 

* This condition is, in fact, involved in, and depends upon, that of inte- 
grability, for, by differentiating the expression within the parenthesis rela- 
tively to X, the result is 

rfN ^ dU , 

-—-dx y-dx, 

dx dy 

Which, by the condition of integrability, is 0. ' 
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which led to it, in order to reader that process more fiunihar to the 
student. 

Integrating the terms containing dx on the hypothesis that y is con- 
stanty we have 

/(6iy -y«) rfx = 3«» y -y« jc 4- Y, 

and this, when Y is determined, must he the integral sought, and it is 
the differential of this integral with respect to y that forms the term 
containing dy in the proposed; hence, then, differentiating the expres- 
sion just deduced, with respect to y, we must have the identity 

3x«— 2iy + -^ =3i« — 2xy 

rfY 
.*. —7— =0 .'. Yss constant; 
dy ' 

bence the integral of the proposed expression is 

3x»y-y«x-f-C. 

2. To determine the integral of 

(2y« X + 9x»y + 8x») dx + (2;r»y + 3x») rfy. 



Here 



-—- = 4yx -f 9x» = — -J 
dy ^ dx 



SO that the differential is exact. 

Integrating with respect to x, we have 

/(2y« X + 9x»y + 8x») rfx =y» x> + 3x« y + 2i* + V, 

and differentiating this with respect to y, and then comparing it to the 
term containing dy in the proposed, we have 

2yx« 4- 3x» + -^— =2x»y -f 3a^ 
«y 

.-. 4^=0.-.Y = C; 

dy 

hence the integral sought is 

y««8 4-3«'y + 2j*-f C. 
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3. To determine the integral of 

This is obviously an exact differential, since y does not enter into 
the coefficient of dx^ nor x into the coefficient of dy. Hence, inte- 
grating the term containing dy^ which is the simplest, we have, 

and equating the differential of this, with respect to j:, with the other 
terms of the proposed, we get 

dx 

rfX = J -f adx 

VI +d?* 

.-. X = log. (x -I- >/T+^) -f flw -I- C ; 

hence the required integral is 

V + log- (^ + >/r+^) -f or 4- C. 

We shall give one example of the process as applied to a differential 
expression of three variables. 

4. To determine the integral of 



Here 



. y^'9L , (x-\'2ay)dy {xy-\-ay»)dz 
du = 1 » -z 



X z z* 



and 



dM_J^_j[N[ dM _ y _ d? 

dy 2 dx dz i? dx 

rfN __ J + 2qy _ dP , 

dz 2* dy 

ydx 
hence the proposed is an exact differential ; so that ^^ is the partial 

z 

differential of w, taken relatively to the single variable x; hence, inte- 
grating with respect to this variable, we have 
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ii = ^/rfx = ^ + FO,») (1); 

it remains therefore, to determine the function F (y^ y), which completes 
this integral. Differentiating with respect to y, and equating the result- 
ing coefficient with that of dy, in the proposed we have 

du a? d F (g?, y) d? -f 2ai/ 

^^ aF(dr,y) _ ^oy 
dy « 

Substituting this expression for F (j?, y), in the equation (1), it becomes 

„ = ^+-f +/,.... (2). 

We have, therefore, now only to determine the correctiony>, which is 
effected by differentiating with respect to z^ and equating the coefficient 
with that of dz in the proposed, so that we have 

£w 3(£__ gy* , dfz _ xy-\r\y 

dz"^ «" i\ "^ d% s» 



hence equation (2) becomes 

_ yj? 4- ay* 

X 

the integral sought. 

5. To determine the integral of 



+ C, 



dy dx 

du=.My\^ydx^-^^-^ 

6. To determine the intregral of 

du ^ (ax -f 6y + c) rfj? + (** + »»y -f n) rfy 
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« = y ax»H- 4jrx + cx-\- — my* + iiy + C. 
7. To detennine the integral of 



» = xH-N/a^ + y«+C. 



Differentials which are both Exact and Homogeneous. 

(80.) An algebraical function, consisting of several terms, is said to 
be homogeneausy when the sum of the exponents of the variables is the 
same in every term. 

Thus the following are homogeneous functions, viz. 

V X* — y* V X® — y* 

the degree of homogeneity being in the first 6, in the second 6 — 2 = 4, 
and in the third 2 — 3= — 1. 

When exact differentials are also homogeneous, their integrals may 
be obtained by a very easy process, except in that particular case where 
the degree of homogeneity is — 1, in which case the process we are 
going to explain is not always applicable. 

Let 

Aiir-f Bdy+Crfe-f &c (1) 

be an exact differential, and such that A, B, C, &c. are homogeneous 
functions of the variables, the degree of homogeneity being n, then the 
primitive, u, of this differential will be 

_ Aj? + By + Cz + «fec . 

For suppose, in the primitive function u, that instead of ^, z, &c. there 
be substituted ^'j, I'j:, &c. then, in consequence of the degree of homo- 
geneity of this function being w -j- 1, it will become divisible by j: »+ ', 
so that we may represent it by 
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w = Pa«+i .... (2), 

P being a function of y', z', &c. Also the proposed differential will 
be divisible by j", and may, therefore, be represented by 

A'^rfx + B'x»y.yx-f C'd?*d.s'x + «fec (3). 

Let us now differentiate (2) relatively to x, only then 

^rfa; = (« + l)Px*rf« .... (4), 
ax 

and since (3) is the total differential of u, we shall obtain the partial 
differential relatively to x, by suppressing all the terms connected with 
rfy, rfe', &c. ; that is, 

^dx=iA'x*dx-\-&3^yfdje-\-Ca^%*cb}'{-6iC (5). 

ax 

dx 
Divide each of the identities (4), (5), by — , and we have 

X 

(n + 1) Pa^+» = A'iP"+» -f B'a?"+» 1/' -f C'j?»+» «' + &c. 
Restormg now the values of y, z', &c. viz. 

y =^,2 =--, &C. 
X X 

and recollecting that 

A'x* = A, B'x« = B, &c. 

this equation is the same as 

(« + I) Px'«+» = Ax -f By + C« + <fec. 

therefore 

p^^.^,^A. + By + C, + ^c. 

It hence appears that to determine the integral of (1) it is necessary 
merely to change dx, dy, dz, &c. and to divide by the index of homo- 
geneity increased by unity. When the index n is — 1, then the divi- 
sor is 1 — 1, and this process is liable to exception, for to such diffe- 
rentials belong those of logarithms and circular arcs, and, although 
these differentials are themselves free from transcendental quantities, 



Digitized by 



Google 



180 THE INTEGRAL CALCULUS. 

and have, therefore, a detenninate degree of homogeneity n, yet it is 
not true of such that their primitiTes have the degree n -f ly so that for 
such differentials the foregoing process is inappUcable. 

(S\.) We shall now give an example or two of this method: 



EXAMPLES. 

J 1. To integrate 

This expression fulfils the condition of integrability; hence, by the 
foregoing rule, 

which is the integral required. 

2. To integrate 

(3«« + 2bxy — 3y») dx + (6x« — ftiy + 3cy») rfy. 

This differential also is both exact and homogeneous; hence by the 
rule the integral is 

8j*4-2ftfl'»y---3>ty*-f ^a^ — aw/'-f 3gy* _ 
3 "" 

^ -f fer*i/ — 3ay« -f <?y» + C . 

When homogeneous differentials are proposed for integration, it is 
often easier to apply the foregoing method of integration at once, with- 
out first trying the criterion of integrability, and then, by differentiating 
the result, we shall return to the proposed, if this be an exact differen- 
tial, otherwise the expression is not immediately integrable. If the 
homogeneous differential consist of three or four different variables, 
this mode of proceeding will be decidedly preferable. To exemplify 
this M, Dubourguet adduces the following : 

3. To integrate 

2 s/ sxy—% ady __ 

2«V« ■^2ttVy 



Digitized by 



Google 



THE INTEGRAL CALCULUS. 181 

3 
of which the degree of homogeneity is . 

By substituting, according to the rule a*, y, ^, and w, instead of 
their differentials dx, dy, dz, and du^ and dividing the result by 

— h 1 = — — ^> we find 

2 2' 

2a! s/ y z^ X d?^/y 4.r ^/y \ % kj x %,% »J x 

tt» "^ M» tt* "*■ tt« tt» ■*" v« — 

a>s/y — %K/x . ^ 
i? ■*'^' 

this result, differentiated, produces the proposed differential, which is 
therefore thus integrated. But if the differential of the result had not 
agreed with the proposed, the trouble of thus ascertaining this would 
be much less than that of seeking the six equations of condition in 
art. (78). 

4. To determine the integral of 

du = (2y» X + 3y») dlr + (2j?»y + ^xf + Sy') dy 
u—y^ ^-\- Sy»x + 2y* + C. ^' "^ 

5. To determine the integral of 

^^_ydx (x^2y)dy (y^-' Xy)d% 

Z 

The variables which enter the several differential expressions inter 
grated in the present chapter are considered to be entirely independ- 
ent, and the expressions themsefves to be independent of other expres- 
sions, so that, if they do not satisfy the conditions of integrability, we 
must consider them as altogether unintegrable, since we are not at 
liberty to perform any preliminary operation upon them that might 
render them ktegrable. If, however, we have a relation between any 
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two differential expressions, so that we may obtain an equation between 
them, then, as the equation still subsists, whatever operations we per- 
form on each of its members, we may obviously use means to render 
the equation integrable, without altering the relation which the equation 
fixes among the variables. It is thus that the integration of differential 
equations is a much more extensive, as well as important, subject of 
inquiry, than the integration of isolated expressions, and it is this 
subject that will occupy us during the remaining part of the present 
volume- 



CBAVTBlt II. 

ON THE THEORY OF DIFFERENTIAL EQUATIONS AND 
OF ARBITRARY CONSTANTS. 

(82.) Let 

« = F(x,y) = (1) 

be an equation, cleaned of radicals, between two variables, whose rela- 
tion to each other is thus fixed. If we differentiate this equation suc- 
cessively, X being the independent variable, we shall have the series of 
equations 

s:j=»'^="'^-=»'*'' W' 

in all of which the same relation between x and y subsists as in the 
primitive equation, for differentiation does hot alter this relation, so 
that these equations all exist simultaneously with the primitive. 

Now we may remark of these differential equations that the first, — =0, 

ax 

dy 
is a function of .r,y, and -f-, this last entering only in the first power, 
ax 
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and that the equation contains the very same constants as the primitive, 
¥^ith the exception of that which has disappeared by the process of 
differentiation. We shall consider such a constant as this latter to have 
actually entered the function (1), as we propose to view not only 

du 

— = as a differential function derived from (1), but moreover that 
dx 

du 

(1) is the complete primitive of — - = 0. In like manner, the equation 

dx 

d^u dy d*y 

-——- = 0, which is a function of .r, y, -— , and — — -, the latter entering 
dx^ dx dx^ 

only in the first power, contains the same constants as its primitive 

du 

— =0, with the exception of that which has disappeared by differen- 

du 
tiation, and this constant we shall suppose to enter —=0, viewing it 

dx 

dhc 
as the complete primitive of ---- = 0. If, then, we stop at the diffe 
djT 

d^u 
rential equation of the nth order, viz. = 0, considering all along 

each to be the complete primitive of that which immediately succeeds, 
it follows that the original function F(j:,y)=0 must contain n arbi- 

trary constants, and will be the complete final integral of — — ^ 0. 

or* 

Now, as there are n — 1 constants common to the two equations 

du 
F (jr, y) = and — = O^we may eliminate any one of these, and may thus 
dx 

obtain n — 1 new differential equations of the first order, or containing 

du 
no higher diflferential coefficient than ~. These equations are neces- 

dx 

sarily all different, for at every eKmmation the entire term connected 

with the constant has been eliminated. The same relation, however, 

subsists between x and y in each of these equations, viz. the relation 

(1); this, therefore, is equally the complete primitive of either of them, 

and they can have no other. It will obviously be obtained by elimi- 
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Dating -^ from any two of the n differential equations of the first order, 
dx 

since the result will be the relation between x and y^ in rirtue of which 

they simultaneously etist. Each of the n — 1 equations which have 

been obtained by elimination may also, by moiifying the primitive^ be 

obtained by differentiation as the immediate differential was in the first 

instance. For^ if the original primitive be solved for any one of the 

constants A, and we find Assf(x, y) then the equation /(x^y) — 

A = must be the same primitive under a different form, and if this 

be differentiated, the constant A will disappear, while all the others 

will enter the resulting differential equation. 

This differential equation, however, is not precisely the same as that 
arising fit)m eliminating the constant A, although immediately re- 
ducible to it by the introduction of a factor, and this it is of conse- 
quence to prove. 

In order to put in evidence the constant A, which we wish to elimi- 
nate, let us vmie the primitive in this manner, 

F(«,y)+A/(x,2,)=:0 (1), 

then, for the immediate differential, we shall have 

rfF(r,y)H-Arf/(r,y) = 0, 

and if we eliminate A by means of these two equations, the result will 
be the differential equation 

F(*,y)4^(x,y)-/(^,y)«^F(x,y)=:0 (2). 

Now this equation is not precisely the same as that which would arise 
from solving (1) for A, and differentiating the result, although it may 
be readily rendered so by a fector. For the equation (1), when solved 
for A, is 

of which the immediate differential is 

F(«>y)rf/(«,y)-/»,y)rfF(».y) _ 

{fi^,v)Y -0....(4> 
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Hence, as affirmed above, (2) is not the immediate or exact differential 
of (3), although it may be rendered so, by introducing the factor 

The equations (2) and (4) both involve the same relation (1) or (3) 

between the variables, yet we could not return from (2) to (1) or (3) 

without first introducing the factor (5)^ as this is necessary, in order to 

render it an exact differential. 

It must be remarked here that if besides A there also enter powers oi 

it in the primitive (1)^ then when the equation i& solved ibr A, the 

function of T, y, to which it will be fbund equivalent, must contain 

radicals, since A has more than one value ; hence the differential of this 

equation must contain the same radicals (Di/f. Calc, p. 99), and, con- 

d^ 
sequently, the expression for -^,. derived from it will have as^ many values 
djc 

as there are units in the highest exponent of A in the primitive (1). 

But if, instead of getting rid of A by the above process, we differentiate 

the primitive, and then eliminate the term containing A, and afterwards, 

by means of this result-s^id the preceding,^eliminate that containing A^, 

and so on, we shall in this way introduce no radicals, and shall yet 

finally obtain, as before, a differential equation without A: it follows, 

dy 
therefore, that as -~ must necessarily have the same values here as in 
ds 

do 

the former equation, — must enter in the same power that the constant 
dx 

dy 
A has in the primitive, and that, by saving the equation for -f-, we shall 

dx 

obtain the same expression as by the former process. Let us now 

briefly examine the differential equations of the succeeding orders. 

d^u 

The differential equation =:0, immediately derived from the 

ds^ 

primitive, contains two constants fewer than that primitive; but, by 

elimination, a differential equation of the second order may be obtained, 

in which any two that may be proposed of the constants in the original 
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primitive shall be absent, and there are two distinct ways in which this 
elimination may be performed. Thus, if A and B are the constants 
to be absent from the equation of the second order, then let us take the 
two equations of the first order, in the one of which A enters but not 
B, and in the other B but not A; from the first and its differential eli- 
minate A, fix>m the second and its differential eliminate B, and we shall 
have in each case the required differential equation of the second order. 
This equation has, therefore, two distinct primitives of the first order 
although but one final integral. As any two of the constants in the 
original primitive may be eliminated in this way, it follows that there 
are altogether as many differential equations of the second order as the 
n constants admit of combinations two and two, that is, there are 

such equations derivable from the primitive. 

In like manner, by elimination, we may obtain a differential equation 
of the third order, in which any three proposed constants of the original 
integral shall be absent, and there are three ways in which the equa- 
tions of the second order enable us to do this; for, let there be taken 
those three of this order in which are absent the constants A, B from 
the first, A, C from the second, and B, C firom the third; then, elimi- 
nating C firom the first and its differential, eliminating B from the se- 
cond and its differential, and A fix)m the third and its differential, we 
obtain in each case a differential equation of the third order, without 
A, B, C ; this equation, therefore, has three primitives of the second 
order; also, as the number of combinations of n things by threes is 

, it follows that this is the number of equations of the 

1*2*0 

third order derivable torn the primitive. Without pursuing this rea- 
soning fiirther we may obviously conclude that any of the equations of 
the wth order has m primitives of the m — 1th order which are all dif- 
ferent, and that the total number of equations of the mih order, deriva- 
ble from the original primitive, is expressed by the number of different 
ways in which m of the ti constants of the original primitive can be 
combined; the number of equations of the mih order is, therefore, 

»(W— l((«-~ 2) (»-^OT-f 1) 

1 • 2 • 3 m 
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If from any two of these the mth differential coefficient, or that which 
marks its order, be eliminated the result must necessarily be one of the 
m primitives of the m — 1th order; in like manner, by eliminating 
from any two differential equations of the same order the coefficient 
which marks that order, we shall arrive at one of the primitives of the 
preceding order, and thus at length at the final integral. 

In the preceding discussion we have considered F (x, ^) ^ to be 

the complete nth integral of — — dx^z=zO, containing all the n arbitrary 
ax* 

constants, of which one is introduced at every integration; and it has 

also been seen that in setting out from this complete primitive, the 

equation ■- — = may be obtained from n different equations of the 

preceding or n — 1th order: from one by direct difierentiation, and 

from the others by differentiation and elimination combined ; hence, 

rf" u 

. conversely setting out from = 0, there must exist, besides that 

rf.r" 

integral of the preceding order given immediately by integration, n - — 1 
other equations of the same order that are equally integrals of the pro- 
posed. It might not be amiss to call these indirect integrals, nnd the 
other the direct integral. If a differential equation of the first order be 
proposed for integration, we may by differentiation deduce from it all the 
succeeding direct differential equations, to the mth of which the pre- 
ceding or »i — 1th will be the direct integral; if, therefore, we can by 
any means obtain one of the indirect integrals, we shall then have 
altogether m equations preceding the mth differential, and in which 
there will enter m — 1 differential coefficients ; all these may therefore 
be eliminated, and thus a final equation in x and y obtained, which 
will be the complete integral of the proposed. 

Lastly, since direct differentiation introduces no powers of the diffe- 
rential coefficients, it follows that if we have a differential equation 
containing powers of the coefficients, we may be sure that it is one of the 
indirect differential equations derived fix>m the primitive. 

The degree of a differential equation is detennined by the highest 
power of that differential coefficient which marks its order when the 
equation is freed from radicals. 
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(83.) It may not be amiss to confinn and illustiate the foregoing 
theory by an example. 
Let us take the primitive equation of the first degree 

y-|-ax + * = (1), 

then, by differentiation, we get the direct differential equation of the 
first orders 

| + «=o....w. 

wherein the constant b has disappeared. 

By eliminating the constant a, still common to both these equations^ 
we get the indirect differential equation of the first order: 

3/-^2 + * = (3> 

The equation (1) is the common primitive of both these, b being the 
arbitrary constant when it is considered as the integral of (2), and a the 
arbitrary constant when considered as the integral of (3). The direct 
differential equation of the second order as derived from (2) is 

the indirect equation derived by eliminating b from (3), and its diffe< 

cPy 
rential is also ——- =s 0, the two equations (2)., (3), being the two first 

primitives of this equation of the second order. 
Let the primitive be 

ax^ — y -j- 6x -+- c = 0» 

By differentiating we have 

*ax-| + ft=0....(l). 

Eliminating from these equations first a and then b we have the two 
indirect difierential equations 
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*'^-2y + ** + 2c=:0,flr»-hy-,^-c==0 (2), 

and from each of these equations a different one of the three arbitrary 
constants a, b, c, has disappeared. Now let us seek that particular 
equation of the ikM order in which the constants b and c shall be ^i^'*^ d 
fibsent; this will be had by differentiating (1), which gives 

or by differentiating the second of (2), which gives 

rfar dx* 

the same as before; hence (1) and the second of (2) are tlie two fint 
primitives of this differential equation of the second order. 
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CBAVTBlt lis. 

ON THE INTEGRATION OF DIFFERENTIAL EQUATIONS 
OF TWO VARIABLES, AND OF THE FIRST 

ORDER AND DEGREE. ^^C^^>ijuH^ 

(84.) A differential equation, whatever be the number of variables 
it may contain, may obviously always be integrated whenever we can 
either separate the variables or render it an exact differential. In the 
former case the integration vnll be reduced to that of a series of diffe- 
rentials of one variable, and in the latter case the integration is effected 
by the method pointed out in last chapter. We shall here inquire how 
equations of the first order and degree containing two variables may be 
thus prepared for integration. 

Separation of the Variables, 

(85.) We shall first consider the general form 

Xrfy-|-Yd« = 0, 

which is the simplest for which the variables are separable: X being a 
function of x without ^, and Y a fiinction of y without x. 

Dividing this equation by XY, the product of the coefficients, it 
becomes 

Y ^ X ' 

an equation in which the variables are separated, therefore 

is the sought integral or equation between x and y. 

As a particular example let the equation (1 -f j:*) <fy ^ 5^» (ir be 
proposed. 

Dividing by the product of the coefficients, the equation becomes 
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dy dx 

hence, by integration, we hare 

2y* = tan.-i « + C 

the required relation between x and y, 

(86.) The fdllowing is another general form in which the variables 
are readily separable, viz. 

XYrfy-f X'Y'rf!r = 0. 

For dividing by XY' the equation becomes 

y, T X — "' 

where the first coefficient is a function y without x, and the second a 
function of x without y . 

As an example let the equation be 

which belongs to the above form, since the coefficient of each differen- 
tial is the product of a Unction of a* by a function of y. Dividing by 

yx^/iX becomes 

y 

and taking the iirtegrals, we have 

— J+3y + log.y = C 

the required relation between x and y. 
(87 ) In the form 

dy-|-Xyrf« = XVx .... (1), 

oalled a linear equation^ because y enters only in the first power, the 
variables may be separated. 

To effect this separation put z = -^,X^ being any arbitrary function 

X/ 
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of Xy then 

jf = fX, .•. <fy = tdX, + X^ds, 
and the proposed will become 

wK, -f X, (rfi + X»rf«) = X'dx. 
Now if the arbitrary function X' be determined from the condition 

«nC, = X'dx, thenX,(dj + X»dx) = .... (2), 
from which last equation we get 

— e= - Xd« .-. log. t = —fXdx, 
z 

that is passing from logarithms to the numbers, these all being powers 
of the base e whose exponents are the logarithms 

Substituting this value of 2 in the first of the equations (2) we get 

' % 

.-. X,=/X'«^"'cte, 
but we assumed y = zX,; hence, by substitution, 

^^^--^^{/X^^^rfx} (3), 

which expresses the relation between x and y. 

To this form may be reduced the more general form 

rfy + Xyrf*=:XV+*<'' • • • • (4). 
For substituting 

,1 J ^ dz 



the equation becomes 



</2 dx dx 



«,v+' ,- ,-ir+' 
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1 
or multiplying by — n« » ', 

dt — nXx «fcr = — nX'dx, 

vfldch agrees with tho form (1), and consequently, by (3), 

«=^ =«'^*^ {—/XV-^"-*} .... (5). 

We shall add an example or two of the foregoing forms. 



EXAMPLES. 

l/^ 1. Given 

to determine the relation between a: and y. 
In this example X = 1, X' = or*, 

.-. /Xrf* = X* .-. fX'e-^^^ dx = a/i' <-«/«=: (ex. 2, p. 59) 

ae* (x» — 3i^ -|. 6.T-r- 6) -f C 

.-. y = a(a» — 3x*+6x — 6) + Ce-', 

which is the relation between x and y required. 

2. Given 

(1 -|- «') rfc( ^ — y* ^'^ = fl^'jp 

to determine the relation between x and y. 
Here 

.-. /X«fx=: — log. >/ TT^ .-. e 

but by logarithms 

* It is useless to add a constant to the integral of X dx, for suppose we 
do this and write thus the integral so completed P •j' <^> then the general 
formula (3) may be written 

y = c-P . r-' {/X'efr . e'dx] 

5=:e-P(/X'<?pd»}. 

s 
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.../X'f^»^i/x= r.-i!^= —5^ + (see page 50,) 

tlie relation required. 

3. Given tfy -^-ydx s x^dlr to determine the relation between 
.r and y. 

This equation comes under the form (4), and we have here 

.-. /Xrfi s=5 X .-. /X' tf-VXAt ifx 5=/xff-»' dx = itf-** -f 4- ^^ + C. 
see ex. 5, p. 59 ; hence, by the formula (5), 

the relation required. 

(88.) The summation of some extensive classes of infinite series may 
be made to depend on the integration of linear differential equations; 
we shall here give an instance or two. 

4. Required the sum of the infinite series: 

d? , x* . ar* , x^ . „ 

*=T + -n + fTsTa + riTi^ + *•=• 

By differentiating 

-^ = 1 H 1- — 1 h «fec. 

dx ^1^1-3 ^l-3-5^ 

Transposing the first term and dividing by x, 

xdx or- 1 + l-S+1-3-5^*''-' 
which is the proposed series; consequently, 
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— ? =if .•. dy — xydx^^dx, 

xdx X 

and thus the sum of the series depends upon the integration of the 
linear differential equation 

dy — xydx^ dx, 
in which 

X==-»,X' = 1 .-./Xi/xss— i«« 

.-. /X't^"^ dx =zfe-^* dx .-. y = e**' {/«"*•' dx] . 

This, although an analytical expression for the sum of the series, does 
not, however, enable Us to exhibit that sum in finite terms, because the 
integral within the brackets can be expressed only by series. The 
proposed series will, however, at once give us the development of this 
integral, or of the integral fe-** dz, by putting jar >/ 2 for .r, for we 
shall then have 

1-3 -5- 7 ^"""^ »• 
5. Required the sum of the infinite series 
— 1 J- "*• . m(m-^\) ^ . m(m + l)(m-f 2) ^ . ^ 

Multiplying by jr'^», 

Differentiating, 

«»-» ^ -f (» — l)yi»-« = (« — l)x»-«-f. mx"^* + 



!!L(!!L±J1 ,n ^ Ac. 



Multiplying this by i 



x«-»^ + (ft — l)yx«-«=(« — l)x"-« + »a-*-» + 
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Multiplying now by dx, and integrating, 

n(«-|-l) 

Thereforei by differentiating 

x-»-» ^ + (« - 1) y*-^= («— 1) x'--* 4- «- ^ + mx-^y 

••• "'' + ,(!-,) y ^'" -7(1^-0-' 

which is a linear differential equation agreeing with the form (1)^ and 
in which 

^ W--1 — »M ? --, n — 1 



(n-.l)log.«-(n — l)log. (1 — ») + 
consequently 

the integral within the brackets being that of a rational fraction; it must 
be corrected, so that y may be equal to 1, when or =b 0. 

6, Given 

d%f -|- ydt = a** dx 
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to determine the relation between j: and y. 

7. Given 

dy J--— yrfxssWx, 

to determine the relation between x and y, 

8. Required the sum of the infinite series 



9. Given 






to determine the relation between x and y. 

(88.) In addition to the foregoing general forms, the separation of 
the variables may always be effected in differential equations of the first 
order containing two variables, whenever they are homogeneous. 

In order to establish this, we must first prove that if u be a homoge- 
neous function of jr and y, the degree of homogeneity being n, then » i^L 
may always be put under the form 

For suppose the homogeneous function to be developed into a series 
of monomials, such as 

then, by virtue of the homogeneity, 

p + y = »,/ + /=n,jj'-ff' = «,&c. 

s2 
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If now we divide each of the tenns by s*, the first will become 



and the others will become 






SB X 

so that we shall have 

|j=:FA.-.tt = x«F(-^). 

Let now the equation 

Vdx + Q<;y = 

be proposed, in which P and Q are homogeneous functions of j: and^ 
of Uie degree n. 
Then^ dividing by or", it takes the form 

F(X)rf-p+/(Z.)rfy==0, 

X an 

or, substituting z for — , 

^ . F«/t -Vftdy = or F;s -f /s ^ = 0. 

In order to eliminate dy^ let us differentiate the equation — ^ z, or, 



rather, y^zz x^ and we get 



dV xdz 



+ 



<^ dx 

which, substituted in the foregoing equation, reduces it to 

xdz Vz '\' zfz 

•*• "ST"" Jz 
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an equation involving the same relation between x and ^ as the pro- 
posed, and in which the variables or, j? are separated, and which gives, 
by integration, 

log., ^/f^' 

so that, after having obtained the integral on the right, we shall only 
have to substitute in the result — for «r, and we shall then have the 

X 

relation between x and y sought. Let us apply this general process to 
one or two particular cases. 



i/ 



EXAMPLES. 



1. To determine the relation between x and y in the equation 

X — y 
Multiplying by j: — y, this becomes 

which is homogeneous, and of two dimensions, therefore, dividing by 
x^y we have 

y\ 

J av = I — — — 
X 



+ l.)dj, = (^-^rfx, 



y 
that is, substituting ;2:for ;— , 

X 



but, since 



(1 +.)!=(._ ,v, 



dy . xdz , 



hence, by substitution and division. 



"^ d;» "" l + » 



Digitized by 



Google 



I 



THE 


IKTEGRAL 


CALCULUS. 




»b 


Ss« 




" dx ~ 


l + » 




dx 


1 + ' d.. 



200 



8i« 
consequoitly 

which is the lelatioD required. 
3. Given 

X dy — y dxssdx v«^ — y* 

to detennine the relation between x and y. 
Dividing by x^ this equation becomes 



r^^ifc=d«>|l-^. 



or^ substituting z for — , 



|-.= >nrri.. 



or, putting instead of -f, its value 
ox 









, xdz 






it becomes 














= >/l-.« 








. dx 

X 


dz 








>/!-..« 




.-.log. 


« = sin.-« 


« + C = Bin.-» 




+ c. 


the relation 


required. 
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It ought to be remarked, that if any function of i^, unmixed with the 

X 

variables in any other form, enter an equation which would otherwise 
be homogeneous, the equation may be treated as if it were homogeneous, 
and the relation between x and 3^ will be determined; the following' 
example will illustrate this remark ; 

3. Given the equation 



y 



xydy'^y^dx:=L{x-\-yfe * dx 
to determine the relation between x and y. 

Dividing by ar*, and substituting z for — , we have 



X 



'!=''+(»+')' 



that is, since 



dy^ - _. xd% 
dx da 

~. «</« =(! + «>-* 

dx e'zdz 

X 

4. Given 

xdy — ydx = dx >/«« -f- y« 
to determine the relation between x and y, 

5. Given 

yrfy-f (ar-f 2y)Ar = 
to determine the relation between x and y, 

log.(*H-2,)+-^ = C. 
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6. Gmn 

y* <;jf = Sjfff <lsr — X* cTy 

to determine tiie rektioa between x and y. 

89. Equations may sometimes be rendered homogeneous by means 
of certain substitutions. Thus the general example 

{wa + ny + jj) «fc -f (o« + fry + c)dy=:0 

will become homogeneous, if we put 

x=:a/-f «,y = y'-h/3, 

and then determine « and fi fix>m the conditions 

;> -f m« 4- m/3 = 0, c + «« + */3 = 0, 

for it will then become 

(90.) Let us now examine the different integrable case of 

The Equation of BiccatL 

dy + by* dx tssaz^ dx • . . • (A). 

1. Let /n = 0, then this equation becomes 

dyjlm-b^y* dx =s adi .*• </x = =-7-y > 

where the variables are separated, and, by integrating, we have for the 
relation between x and y, 

^a\ « + C = log. (a* -f *^ y) — log. (a* — A*y). 

2. When m is not 0, let us inquire for what values of m the equa- 
tion may be rendered homogeneous. For this purpose put y = sr*, and 
it becomes 

As*-* dz -f 6a«* rf» = rtx"« rfx, 

which cannot be homogeneous, unless 

■■■■■■'•/ 
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k — 1= git = !».•.*= — 1 .M« = --2; 

hence the only oase of Riccati's equation that can be rendered homo- 
geneous is 

dy 4- 6y' </x = aar^ dx, 

which is rendered so by the substitution of «-* fory. 

3. Besides the case 1, above, which is the simplest for which the 
variables are separable, Euler has found an infinite number of other 
cases, in which the separation is possible. To discover these, let us 
assume 

y = -y'x-* + ^^ (1). 

either of the variables x*, y being arbitrary, then 

dx' 
rfy = — 2a:yd»' — ap^rf/+-j- • • • • (2), 

and 

^=„.._^ +_.,..<., ^^ 

Now, by adding to the first^of these equations the second^ multiplied 
by bdx, th6 sum of thefr second members will be equal to the first 
member of the proposed equation (A). Let us see, therefore, whether 
we cannot assume for the arbitrary quantity x' such a value as may 
render the result of this addition similar in form to the first member of 
(A), as well as equivalent to it in value. The suitable expression 
for j:' is easily perceived to be 

for, multiplying (3) by this last, and adding the product to (2), we 
shall have 

— a^ rf/— 6y'» x** rf*' = — ox'-"»-* dx\ 
or 

dy'-^by^dx'^ax-^'*dx' .... (5), 

which equation is similar to the proposed, and has the same coefiicients 
a, b with the same signs. By means of this transformation it appears 

firom the first case that the proposed is integrable when — m -^ 4 = 0, that 
is, when m^ — 4, and generally that for whatever value n of m the 
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proposed becomes integrable, it also becomes integrable for another 
value, viz. that given by 

_„,— 4r=«.-.m=s — « — 4 .... (6). 

It appears, therefore, from what has now been said, that whenever we 
have any case of Riccati's equation that may be compared to the form 
(5), it may be immediately changed to the form (A), the variables in 
the transformed equation being related to those in the proposed as in 
(1), (4). That is, the equation 

dy + by^dx^sar-^'^dx .... (7) 

is the same as 

ey-l-^Jrft'ssajr'-da:' .... (8), 

in which 

«' = — andyss — y«» + —• 

Again, assume in the equation (A), 

y=±I,...dy=5-^....(9). 

and it becomes 

in which, if we put 

dx' 

x'"+« = 4r'.M"»rfj:= — - .... (10) 

»* + 1 

we have the transformed equation 

mdv'4- ^ x' "^^=:—?L_ «'»</,', 



Now it may be remarked here that the only integrable cases of 
Riccati's equation hitherto discovered, and which we are about to 
exhibit, are those in which the exponent, ot is negative, and numerically 
greater than unity, with the exception of the fundamental case, m = 0, 
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already considered ; therefore, since, in the equation (11), m-f 1 is 
necessarily negative, it follows that when the upper sign has place, that 

is,when-- is put fw^ in (A), then in the transformed equation (11), 

the signs of the coefficients, in the first and second members, will be 
respectively opposite to those of the coefficients in the second and first 
members of (A). But when the lower sign has place in (11), that is, 

when ; is put for y, then the coefficients in the first and second 

members of (11) have respectively the same signs as those in the second 
and first members of (A). Hence it follows that whatever be the signs 
of a, 6, we may always infer that the equation 

is the same as 

d/ -ifh^dif^at^^d^f .... (13), 
in which 

»• = a?'«+» and / = ± —, 

abstraction being made of the signs of a and h. 

It appears, therefore, that whenever (12) is integrable, (13) is also 
integrable, and we may now shew that there are an infinite number of 
int^rable cases of Riccati's equation. For, let n be one of the inte- 
grable cases of (12), then 



(H), 



m-h.l n-fl 

so that l^ (13) this value of m belongs to an integrable case. 

The integrable cases hitherto found are those where the exponent is 
either or — 4, the first put for n in this formula gives no new case^ 
but substituting the latter we have 

— 4 4 



Digitized by 



Google 



206 THE INTEGRAL CALCULUS. 

which is, theref<xe, an integrable case; hence, putting Ais value for » 
in (fi), we have another integrable case, viz. 

Putting this for n in (14), we have another integrable case, viz, 

3 8 



-h~ '' 



and thus, by using alternately the expressions for m in (6) and (14), 
we find that besides the two cases in which the values of m are 0, and 
— 2 the equation is also integrable, when m is any term in the infinite 
series 

4 8 8 12 12 16 ^ 

-4,--,--,-y,-y,-y,-y,&C. .... (15), 

the general term being the negative number 

" = "-2f±T' 

which we may consider as the criterion of integrahility of Riccati's 
equation f when m is neither nor — 2, q being any number in the series 
1, 2, 3, &c. 

It must be observed that the firat, third, fifth, and all the odd terms 
of the series (15) arise from ihe formula (7), and the second, fourth, 
sixth, and all die even terms, fit)m the formula (12), so that, when, in 
any proposed case, m b an odd term of the series (15), we must com- 
pare it with (7), and deduce the transformed equation (8), the expo- 
nent in which will be the preceding term in the series (15). We shall 
then have to compare this reduced equation with (12), and deduce the 
transformation (13) in which the exponent will be the next preceding 
term of (15), we shall, therefore, return with this equation to (7), and 
so on, alternately using the forms (7) and (12) till at length the expo* 
nent in (7) becomes — 4, when the transformation (8) will be the 
final equation, and will be immediately integrable. An example will 
clearly illustrate this: 
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U^ EXAMI»LES. 

(91.) 1. To determine the relation between x and y in the equation 

8 

Since the exponent »i =^ is found among the terms of the series 

3 

(15), we are siire that the proposed is an integrable form, and our ob- 
ject is to reduce it by successive transformations to the fundamental 

8 
form, m = 0. In order to this, as — — is an odd term of the series 

o 

we must commence these transformations by comparing the proposed 

with (7), so that 

8 4 

a=:2, m + 4 = — -.'. m=: — — and 6=1, 
3 o 



and the first transformation (8) is 

dy'-\^by'^dx-zz'ix~^oUc .(1); 
comparing this with (12), we have 



• ^> — TT = 2 and 



m-^\\ ' m + 1 m + 1 a 

from which we get 

a = — 3, 6 = — 6, »i= — 4, 
so that the second transformation (13) is 

rfy'_6/»rf«'= — 3x'-*rfx' .... (2). 

Returning with this to equation (7), we have for the final transforma- 
tion (8) 

dy"' — &y'"^dx"z:z — Zdx" .... (3), 

of which the primitive is 

' ^^J T^:=\ t:j^ "^ 'r'^^h ....(4). 
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It remains then to substitute in this equation, for sf^ y'*% their proper 
values in terms of Xy y. From (4) and (1) we have 

also 

and from (9) and (10) 

6x*(l— y«) 

hence, by substituting these values in the equation (4), we have the 
following equation between x and y, viz. * 

,-»_ 1 ^ C 6-x*(8^/2-x*)(l-yO 

X =~ ■ log. C r r > 

»V« 6+«*(3V2+**)(l-y*) 

or, since 

6 >/ 2«""* =: e is/ S*"* log. e = log. <?» ^«»^*, 

the equation may be vmtten thus, by passing from the logarithms to 
the numbers 

6— «*(3 v^2--«*)(l — yx) 
2. To determine the relation between x and y, in the equation 

rfy+y*<i'«=-^ 



9a 

e 






3. To determine the relation between x and y^ in the equation 
rfy 4" y' <& ^ — ff' »"** 

-2- + c=t.n.-'i!i^:r£. 
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4. To determine the relation between x and y, in the equation 

</y=:(y»+2*"^J)dir 

It may be observed before terminating this article^ that every equa- 
tion of the form 

dy-^-hy^a^dx^^ax^dx .... (B), 

which indeed is he form in which the equation which bears this name 
was proposed by Riccati, may be reduced to the simpler form (A), by 
substituting 

«« dx for dtf 
for we thus get 

y-py =: s and X = {(y + \)^ j4-i , 
and, differentiating this last equation, we have 



also 



and these values, substituted in t!ie equation (B) transform it to 

in. P~^ 

which agrees with the form (A), page 202. 

Having now considered the principal cases of differential equations 
of two variables, which may be integrated by the separation of the 
variables, it remains to examine those equations which may be con^ 
verted into exact differentials. 



T 2 



tlx — 


t »+' dz 




(? + 1) '■'' 


xfs 


:{(,+ l)4«+'. 
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On rendering Differential Equations exact. 

(92.) Every di£Gerential equation 

Mdx-hydyssO .... (1) 

necessarily impties a idation between x and y, which relation exhibits 
the primitiye of ^that equation. It is not necessary, however, that (1) 
should arise from this primitive by direct difierentiation, it may arise 
from diminating a constant between this primitive and its direct di£fe- 
lential, and if so it will not satisfy the condition of integrability (78) 
which has place only for direct differentials. The relation, howevtt, 
between x and ^ is the same both in the direct and indirect differential 
equation, as already observed at page 183, and on this account it is easy 
to see that the one ought to become identical with the other, by intro- 
ducing a factor, but that a fector will render every differential equation 
exact may be direcUy proved as follows : 

Divide the equation (1) by NcCr and it becomes 

p' + KzisO (2), 

M 
K being put for -—, and let us suppose that c is the constant, by the 

elimination of which from the primitive F (x, y) =0 and its immediate 
differential the equation (1) or (2) has been produced. The same will 
be produced if we soWe the primitive for c and differentiate the result; 
that is, putting the primitive under i^e form c ^=^f(x, y) and differen- 
tiating, we have 

• * 

that is, 

Pp'-fQ = P(p'+K), 

but the frrst member of this equation is the exact dMfecential of y(jr, y); 
hence the second member is the exact differential of the same function, 
so that there always exists a frictor P which will render any proposed 
differential (1) integrable. 
Besides the factor P, there exists also an infinite number of others 
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that will render the proposed iategrable for representiDg the integral of 
MP </jr -f NP <^^ = by u, we shall have 

and multiplying each member by any arbitnuy function of Hy ftc we get 

^« du = 0K (MPdx + NP<2y), 

and it is obvious that we may assume ^u of an infinite number of 

values that may render the fiiat member of this last equation an exact 

diiierential, and consequently the second member also. 

As to the determination of one of these factors x, in the first instance 

we know that since M^dr -f Nzdfy is an exact difierential, we must 

have the condition 

rf . Ml __ rf . N« 

dy "" «te ' 
that is, 

Mdz zdM _ Nrfi idN 

dy dy ds dx 

^ dy rf« dx dy ^ ^ 

from which equation we can deduce a value forj; in particular circum- 
stances, viz. 1st, when this &ctor happens to be a function of only one 
of the variables, and 2d, if the difierential expression is homogeneous. 

dz 
(93.) Let ;; be a function of x only, then -p s= o, and therefore 

dy 

fr(Mn equation (3) we deduce 

^ dy dx ^ N ~ « ' 

so that the first member cannot c<Kitain y; hence, if there exist a 
foctor z which is a function of x only, we must have in the first place 
the condition 

and then to determine z we have the equation 
log. z ^ /F« dx. 
Let us take a particular case or two of this kind. 
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EXAMPLES. 

1. To determine the primitive of the equation 

ydx — idjf^O, 
Here 

rfM dS 1 _ 2 

^ dy rfx ^ N ~ — a? 

... log.z = — 2/— =log.^ 

1 

therefore; multiplying the proposed by this, we have 



^ which the integral is 






X=o. 



4* 

2. To determine the primitive of the equation 
xdy + (* — 2y) dx = 0, 

_rfM _ rfN 1 _ 3 
Wy rfx ' N"" «? 

1 

•••* = ;?-. 

therefore, mukipiying the proposed by this, 
which is an exact differential, the primitive being 
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3. Let the linear equation 

dy + Pyi&sQcif 

be proposed: 

.•. log.is=/P«l» .«. i = *^"», 
therefore, multiplying the proposed by thii, ^e have 

of which the primitive is 

or 

y=e-^'* {/«/"• Qdx}. 

It must be observed that x is not necessarily the &ctor which will 
render the equation integrable, although the conditicw (4) have place, 
for there may not exist any such &ctor: we cannot affirm therefore 
that the proposed after having been multiplied by the &ctor ar, as 
determined from that condition, has been rendered integiable till we 
have submitted it to the criterion of integrability (78). The following 
example from JephsorC$ Fluxional Calculus is not to be rendered 
integrable by any ^tor which is a function of x only, although the 
condition (4) has place. 

4. Let the equation be 

aydx -f 2axdy = aydx, 

Wy rf« ^ N "■ 2ax ^'^ '^ ^^ "" 2a* 

...iog.i=-i- r^^ir^^—L ± 

••'^«-' 2 J ^ 2aJ ** log.** ^ 

and if the proposed be multiplied by this the result will not satisfy the 
condition of integrability. 
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5. To detennine the primitive of the equation 

x'<»4-(4i*y~ ■! )rfx = 

V 1 — x» 

6. To determine the primitiTe of the equation 

ay rfy + (<?« — V) ^ = 0, 

(94.) Let us now consider homogeneous differential equations. It 
may be proved that equations of this kind may always be rendered 
integrable by means of a homogeneous factor, and as the method of 
shewing this is just as easy for any number of variables as for two, we 
may as well take the more general case. 

Let then the proposed equation be 

rfttscMrfx4-Nrfy + Prfi + &c. = .... (1), . 

which we shall consider to be homogeneous and inexact, and let U 
represent the factor which ought to render du an exact differential etu; 
we shall then have 

Urf« = UMrf«+UNrfy-f UPrfj-f<fec.=rfi*' = .... (2). 

But from the property of homogeneous differential equations, demon- 
strated at (80), we have,, by putting n for the degree of homogeneity 
of t«', 

UMx + UNy-f UP«+Ac.=«w' .... (3)j 

hence, dividing equation (1) by this, we have 

Mdx -f Nrfy + Vdz -f <fec. __ di/ 
Mx + Ny -f P« -f Ac. "" wtt' * " ' ■ ^ ^' 

Now the second member of this equation is an exact differential, its 

integral being — log. u', consequently this equation shews that the 

factor U, requisite to render (1) an exact differential, is 
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u = I . 

Mx + Ny -f- Pa? -f &c. 
If there are but two tariables^ the requisite factor to render 

an exact differential is 



Mjr + Ny 



If the degree of homogeneity, n, of the sought integral should be 0^ 
this process becomes inapplicable (80). 

When it so happens that the factor thus deduced is oo or the 
denominator of U is 0, it becomes useless, as we require a finite factor, 
and this may in such cases be often otherwise discovered. Thus, 
taking the equation of two variables 

M<fo + Ndy=sO, 
if we find that 

M« + Ny=0 .-. N=— M — , 

y 

so that the proposed may be put under the form 

which will obviously be an exact differential if we multiply it by a 
factor U capable of rendering VMy equal to a fimction of — , and such 
a factor may often be readily discovered. 



EXAMPLES. 

1. To determine the integral of the differential equation 
(y* -Hy*) d« — («« — y«) rfy = 0. 
In this example 

M=yx + y»,N= — «» + «y 
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therefore, multiplying the proposed by this fiictor, we have 

of which the integral Is (79) ^ ctw > /Tic (^ <" c'»i >► r } . ":^' -^ 

± + log.;ry=C. 
2. To determine the integral ot the differential equation 

Here 

M = y(x« + y«),N= — «(x»+y«), 
so that 

Mx + Ny = 0, 

and therefore, as above, the proposed may be put under the form 

Myif^ = = y(^ + y»)rf^, 

and we have now to discorer what fector U, will make 

Uy(i^ + y«) = F-J. 

It is easy to perceive that y^x* is such a Victor; multiplying by it, 
therefore, and we shall have, to integrate the equation, 

o + fyd^'^o 

or 

( + i-,)rf,=0. I 

The integral of this is z = C, and, therefore, that of the pro- 

s 
posed is 

xy " 

We need not multiply examples here, as the student may apply this 
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process to the homogeneous equations, integrated at (88), by the 
separation of the yariables. It is easy to shew that in every case in 
which the separation of the Tariables is possible, a fector may be found 
that will render the equation an exact differential, but we shall not seek 
this &ctor, as the process would comprehend only that class of differen- 
tial equations which we know may be integrated by separating the 
variables. 

As every differential equation of two variables is capable of being 
rendered an exact differential by means of a factor, and as, unfortunately 
analysis in its present state furnishes us witli metliods of finding this 
factor in but few cases, analysts, and especially Euler, have been in- 
duced to consider the inverse problem; diat is, instead of seeking for 
the hctoT which would render a differential equation integrable, they 
have sought the relation which ought to exist among the variables and 
differentials of an equation, given in form only, in order that a factor 
given also in form might render it integrable. But, observes Mr. 
Peacock* "these investigations frequently involve differential equations, 
which cannot be integrated by any known method, and it cannot be 
said that the cases in which they are successful are of very great im- 
portance or extent. In order to ensure this method all the success of 
which it is capable, it would require a very complete classification of 
the forms of differential equations of the first order, as well as a know- 
ledge of the forms of the multipliers which are suited to each class. The 
immense extent, however, of this inquiry, and the difficulties which are 
met with, even in the simplest cases, preclude all hopes of its proving 
of much service in the general integration of differential equations of 
the first order." On the inverse method of Jbctors the student may, 
however, consult Dubourguet Calcul, Diff. et Int. torn. 2, p. 88, and 
Jephson^s Calculus, vol. 2, p. 145. 

(95.) Before terminating the present chapter, we shall remark that 
we have sometimes to differentiate under the sign of integration, that 

du 
is, M being a fiinction of x and y, to determine -7- from uz=fMdx; 

dy 

this is done as follows : 

• Examples of the application of the Differential and Integral Calculus, 
by George Peacock, A.k., frs., <fec. <fec, p. 340. 

u 
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du 
dx 


=s 


Maud 


dydx 


d*u 
"^dxdy 


du 

~ dm 


= 


rfM 
rfy 



we have, by multiplying by dx^ and integrating as regards Xy 

dx. 



rfM_ P dU 
dy ^J dy 



IV. 



ON THE GEOMETRICAL APPLICATIONS OF DIFFERENTIAL 

EQUATIONS OF THE FIRST ORDER AND DEGREE, 

AND ON EQUATIONS OF 

THE FIRST ORDER AND HIGHER DEGREES. 

(96.) Before we proceed to consider differential equations of the 
higher orders and degrees, it will be desirable to present to the student 
a few geometrical problems of which the solutions depend upon the 
principles taught in the preceding chapter. 

PROBLEM I. 

To determine the curve whose tangent is a mean proportional between 
the part of the axis intercepted between it and a given point, and that 
same part augmented by a given line. 

Let the rectangular axes originate at the given point, and let a denote 
the given line. The distance of the origin from the intersection of the 
axis with the tangent will be expressed by the difference between the 
subtangent and abscissa, that is, by 

dx 

hence, by the conditions of the problem, the differential equation of 
the required curve is 
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or 

y» = (fl — 2«)y^ — (a — x)* 

or 

fly -- (a — 2j)y</c — (a — .r)j?rf y 

and, as the second member is an exact differential, we have, by inte- 
grating, 

y = <iL:^ + C .-.y^irzCa-x) *+ Cy, 
theiefore the equation of the curve is 

which is, therefore, a circle passing through the origin, and of which 
the coordinates of the centre arc i a, ^ C, (Anal. Geom. p. 39.J The 
determination of C requires an additional condition. 



PROBLEM II. 

To determine the curve of which the normal is equal to that part of 
the axis of x intercepted between it and the origin. 

The part of the axis between the normal and the origin is the sum 
of the subnormal and abscissa, that is, it is 

also the expression for the normal is 



^y+^-g; 



hence the differential equation of the curve is 



y'+y'-d^=^di+'>' 
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or 

y^dx — 2xydjf — x*dx. 

This equation is homogeneous but not an exact differential; hence, by 
(94), the integral is 

^5^±^^ = C .-. y« + «>- 2C* = 0, 

consequently the required cunre is a circle passing through the origin^ 
and of which the radius is C, any arbitrary line. 



On Trajectories, 

(96.) A trajectory is a curve which intersects a given &mily of curves 
all in die same constant angle. 

Let the general equation of any family of curves be 

F(x,y,«)=0 (1), 

a being the arbitrary parameter, and let the sought curve be such as to 

intersect each of these in the constant angle tan.—* x. Let us first 

consider some individual curve of the.^onily (1), « having a fixed value^ 

dy 
then putting p' for the -y- derived torn its equation, in order to distin- 
dx 

dy 
guish it from the -- derived from the equation of the sought curve, we 
dx 

have (Anal. Geom. p. 25) 



■'+'•1 



(2). 



(3). 



... -? -= P'+^ 
' ' dx \—ap'' 

Now whatever be the sought curve, this equation, in conjunction with 
(1) will obviously determine the point {x, y) of intersection with the 
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individual curve. It follows, therefore, that if we eliminate the para- 
meter A, by means of these equations, the result will be the locus of these 
points for all the curves of the femily (1), that is to say, it will, be the 
equation of the trajectofry sought 

If the constant angle of intersection is a right angle, then aas ee, 
and consequently fipom (2) 

and eliminating », by means of this and (1), the resulting equation will 
be that of the rectangular trajectory. 

It may be here remarked that instead of leaving the elimination of a 
tilPve come to the equation (3) or (3'), we may previously perform 
the elimination by means of (1) and its differential j/, since j/ is the 
only term in (3) into which it can' enter. 



PROBLEM III. 

To determine the curve which intersects at aright angle every straight 
line of the &mily 

y = *jf .... (1), 

that is to say, all the straight lines that can be possibly drawn through 
the origin. 

By differentiating this equation, we have 
/ = • .... (2), 

therefore, eliminating • by means of this and (1), we have 
p Of ^ ^' ^^'dof ^ X dx 

which is the differential equation of the trajectory; hence, by integrating, 

so that the trajectory is a circle of arbitrary radius. 



u 2 
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PROBLEM IV. 

To determine the trajectory which intersects the series of straight 
lines 

in the oblique angle tan.-*a. 
As before^ 

«'— y 

hence the equation (3) is 

dy ^"^" 

1— a-^ 

which is the differential equation of the sought curve. By integrating 
this (89), we have 

tan.-» ^ = a log. C >/r»+ya, 

but a times the hyp. log. of any quantity is equal to the log. of the 
same quantity in the system whose modulus is a ; hence, calling the 
base corresponding to this modulus b, the foregoing equation is the 
same as 

Log. b tan.-» i^= Log. C ^/x^-\-y» , 

or, putting 

>/«» — ya=rondtan.->i!- = « 

X 

b^^Cr, 
C being arbitrary. If we assume it so that rss 1 when <tf=0, then 
C ^ 1, and the equation becomes 

b z=tr, 
which is that of a logarithmic spiral; b being the base of the system re- 
presented, a=tan. /_ P (see Biff, Calc. p. 118,; the modulus, and 

y 
tan.- » — =: « being the angle PFA, 
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PROBLEM V. 

To determine the rectangular trajectoiy of the system of parabolas 

y*ss2«x. 
Here 

»' = — and « = ^ .-. »' =s —• 

Hence the equation (30 is 

1-f ^.g = 0.-.2xdx-fyrfy = 0, 

which is the differential equation. Integrating this, we have 

2x« + y« = C, 
the equation of an ellipse, of which the centre is at the common vertex 
of the variable parabolas, and of which the axes are 2>/C and v 2C. 
As C is arbitrary there are, as usual, an infinite number of elliptic tra- 
jectories, but in all the axes are to each other as 2 to ^ 2, or as ^ 2, 
tol. 



PROBLEM VI, 

To determine the rectangular trajectory of the series of parabolas 
whose general equation is 

y» ^ fltx"*. 

The trajectory is the ellipse my* -|- nx^ =s C. 



PROBLEM VII. 

To determine the rectangular tajectory of a series of circles all touch- 
ing a given straight line at a given point. 

. Any circle passing through the given point, and having its centre on 
tlie given line is a rectangular trajectoiy. 
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Integration of Differential Equations of the First Order and <^ the. 
"Higher Degrees, 

(97.) The most general fbnn of a difierential equation contaiiiing two 
variables, and of the nth degree, is 

■£- + p^ + .... + m|+n=o....(i). 

and such an equation we know (82) cannot be the immediate diffe- ' 
rential of any integral, but must be derived from its primitive by the 
elimination of a constant which enters it in the nth degree. This 
elimination may be considered to be performed thus. The primitive 
being solved for the proposed constant C we shall have, in consequence 
of C having n roots, n expressions for C, in terms of x and y, from all of 
which C will vanish by differentiation, and we shall thus have n diffe- 
rential equations of the first degree of which the integral of each will 
satisfy, being indeed a fiictor of, the primitive, and their product will 
be the equation of the nth degree (1). 

Hence, to return from (1) to the primitive, we must find its n com- 

du 
ponent fectors of the first degree in — , integrate each of these annexing 

dx 

the same constant C and then multiply the n results together, and we 

shall thus hjive the complete primitive. The theory of this class of 

equations is therefore very easy and obvious, but the resolution of (1) 

into its component simple fiictors, or, in other words, the solution of an 

equation of the nth degree, is a problem not to be accomplished in the 

present state of analysis, except in a few particular cases. We shall 

give an example or two in these cases. 



EXAMPLES. 

(98.) 1. Given 

This being an equation of the second degree, the two values of ^ 
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are determinable : they are 

da^ y ' 

hence the component Actors of the proposed are 

which reduce to 

and it b plain that the first member of this is the differential of 
± *^y* + x^i consequently the factors of the required primitive are 

of which the product is 

It is easy to see, without further illustration, how the primitive is to be 
obtained, when the proposed differential equation is resolvable into its 
constituent ^tors. When this resolution is impossible, the primitive 
may nevertheless be obtained by analytical artifice, when the proposed 
appears under certain forms. 

I. 

The solution may be effected when only one of the variables x 
or y enter the proposed, provided the equation can be solved for this 
variable. 

Put;/ for the differential coefficient, then, as the equation contains 
but one of the variables, say jr, and as moreover it may be solved for 
this, we may reduce it to the form 

x = Fy (1). 

Now since (fy ^p'dx, we have, by integrating by parts, the second 
member. 
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y=sx/— /xdp' .... (2). 
Substituting (1) in (2), we have the equation 

yis^p'Vp'^fVp'dp' (3), 

it remains, therefore, to integrate the differential of a single variable 
Vp'dp\ and then to eliminate p by means of (1) and (3); the result 
will be the sought relation between x and y. 

It may be here remarked that if the proposed equation is not so 
easily solvable for x, as for pty then, instead of (1), we had better get 

p' =s F« .*. dyszFx* rfx, 

which immediately gives the requized relation 

y=r/Fa?*dx. 

2. Given the equation 

X -^ + « — 1 =0, orx/>'» 4- « — 1 = 

to determine the relation between x and ^. 
Solving for j, we have 

1 



Hence the equation (3) is 



iy^^ 



_ P' r dpf 
^-p'«-i-i ~ J p^^\ 



l_ 



-^2^1 ■*«»-*^ + C (2), 

putting in this the value of |>^ furnished by (1), we have 



vssVx-^x* — tan.-» \^ — ^+ C. 

X 

If, in the case we are now considering, the proposed is not solvable, 
either for x or p\ then the artifice usually employed is that of substi- 
tuting xz for /)', as by this means we obtain an equation of which all 
the terms, unless one is constant, become divisible by a power of j^ 
and therefore the degree of the equation may be depressed. If then, 
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in this depressed state, the equation can be solved for x in terms of z, 
or for 2 in terms of x, we shall have, by substituting the result in the 
assumed condition p'^xz, either 



or else 



zzftr.y^fz/td/x .... (1), 



^ = x/c.-.y=/x/xrfx (2). 



dx 

In the first case the relation between x and y will be given by com- 
bining (1) with the depressed equation. 
3. Given the equation 

^ rfj* ^^ rfx» T^'— "• 

du 
Here, if we were to substitute yz for —-, we should be no more able 

dx 

to depress the equation than in its present fonn, because of the constant 

1 ; but if we change its form by multiplying the terras by , it be- 

comes 

. , . rf:t» , rfx* ^ 

^• + ^-57+-^ = '' 

dx 
which, by the substitution ofyz for — , reduces to 

3,5 _j. y 4 s2 ^ y5 j6 -- or y 4- £2 -f 3/ s« = 
x(2— 3i»)rf« 

•••*'*= oT^T' 

hence, in virtue of the condition 

dx = ys dy, 

we have, by substitution, 

2z*dz SMz 

ax=: 



(1 + «*)' (1 + s*) 
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and, integrating, 



+ C (2). 



The equations (1) and (2), combined, express the relation between t 
and y. To eliminate z we may first determine 1 + 2* firom the 
quadratic (2), and thus obtain the function of x, which equals the 
denominator of (1); and if 1 be taken firom this fimction, the | power 
of the result will be the numerator. 



II. 

The solution may be effected when both variables enter the pro- 
posed, provided they render the terms homogeneous with respect to 
the variables, and provided, moreover, we could solve the equation for 
J, if it were equal to y. 

For, let n be tlie degree of homogeneity, then, by substituting xz for 
y, and dividing by x", which must necessarily be a common feictor of 
the terms, we shall have an equation between z and p', in which the 
highest power of s will be n; if then this equation can be solved for z, 
we shall have 

z = Py .'. dz = (IFp , 

but, since 

y s= acr .*. dtf = xdz -|~ sdx. 

or, substituting for z and dz the values above, 

dy = xdFp' + Tp . dXf 

or, since dy=^p'dx, this equation reduces to 

,^ , dx dYp' 
(p' -. F/) di = xd¥p .-. - = /Zly' 

whence 

r dFp 

and this, in conjunction with the assumed condition 

2/ = xF/, A 

furnishes the required relation between x and y. 
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4. Given the equation 

to determine the relation between x and y. 

Putting xz for y, and dividing the result by jr, we have 



.•.rf«=srfp'-|- 



pdp^ 



and from the equation 

ffds zszdys: tdx -)- %dx 

we get 

dr ds dp* p'dp' 

*"""/ — « """"v^TTpyi l+i»'*' 

and, integrating 

log. « =: — log. (p' 4- *J\ +/»'») — log. Vl+/«+ log. C 5 
hence 

C 

and this, in conjunction with the assumed condition 

expresses the relation between x and y. To get this in a single equa- 
tion, we must eliminate;/; and, in order to this, substitute the value 
of x^ above, in this expression for 5/, and it becomes 

iience, by substitution, the expression above for x becomes 

y' 

the relation required. 



Digitized by 



Google 



230 THE INTEGRAL CALCULUS. 

HI. 

Another integrable form is 

dy 
in which the function F—- contains neither x nor y. This is Clairaufs 
ax 

form. 

By differentiating this form, we have 

«tr ^ '^ ^ dt ^ dp" dx 

which equation leads equally to the two conditions 

.4)....x+^=0>nd^=0....(5).- 

dVp' 

Now the first of these contains no differential, for is the diffe- 

4/ 

rential coefficient of dp'y and is, therefore, a function of;?', so that, Up 
be eliminated by means of (1) and (2), the resulting equation between 
.r and y will certainly satisfy the proposed, but yet cannot be the com- 
plete primitive, since no arbitrary constant is introduced. The com- 
plete primitive must, therefore^ be furnished by the other condition (5). 

dif 
Now the condition — ^ — = leads to />'= C; hence the remaikable 
ds 

fact, that in Clairaut's form the complete primitive is found, by merely 

substituting the arbitrary constant C for/)' in that form. 

EXAMPLE. 

To determine the complete primitive of the equation 

dy dy^ 

' dx dx^ 

or 
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Substituting C for;/, we find for the primitive the equation 

y=:Cx + «(l + C»), 

as is obvious, for if we differentiate this, we get />' = C, and this put 
for C, in the equation, produces the proposed. 
In like manner, the complete primitive of 

ydx — ;- xdy ^ a (ds^ -f dy*)*, 
or 

y^j/x + a(\+p'')K 
is 

IV. 

We shall terminate the present chapter by exhibiting the integral of 
the form 

y = PxH-Q, 

where P and Q are functions of;?'. 
By differentiating, we have 

(iy =pdx = Vdx + xdP + rfQ 

.-. (P — /) dx -f xrfP + rfQ = 

. ^ rfP ^Q 

.-. dx -h X -; = ■ 



This last is a linear equation (87), and, therefore. 



/• dP /. dr 



{/•^^P?7^ 



consequently this equation, in conjunction with the proposed, expresses 
the relation between x and y, and if p' be eliminated therefrom, this 
relation will be expressed in a single equation between the variables. 
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ON THE THEORY OF SINGULAR SOLUTIONS OF DIFFE- 
RENTIAL EQUATIONS OF THE FIRST ORDER. 

(99.) Eyeiy diflferential equation may be considered to have been 
derived from its primitive, by eliminating a constant between it and its 
immediate differential. Thus, if F (i-, y, c) = 0, c being the arbitraiy 
constant, is the complete primitive of the differential equation 

/(''J^'S^^® (^>' 

then has (1) arisen from eliminating c, by means of the equations 

(8) . . . . F(.,y,c)=0.^/i^ = ....(»). 

Now if instead of the constant quantify c, any variable quantity were to 
be substituted in each of these equations the result of the elimination 
of that variable would obviously be the same equation (1), so that, if r 
be supposed to be such a variable that the differential (3) of (1) may be 
precisely the same as when we supposed it constant, then this variable 
value may be attributed to c, without affecting in anywise the result 
(1) of its elimination. Let us then see whether it is possible for such 
a variable value of c to exist. By considering c variable, as well as .r 
and y, the differential coefficient derived from (2), relatively to the 
independent variable x, is 

■ dF(xyy,c) dF(x,y,c) dc _ 

dx ■*" dc dx" * 

and in order that this expression may be the same as would arise from 
differentiating, on the supposition of c constant, that is, in order that 
it may be identical to (3), it is obviously merely necessary to determine 
c from the condition 

rfF(x,y, e) </<?__ Q 
dc dx ' 
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"wliich condition may be satisfied upon either of tlie hypotheses 

The first fixes a constant value for c, and therefore the requisite variable 
value is to be determined fit>m the second. This variable then put for 
c, in (2), however it may alter the form or degree of that equation does 
not deprive it of the character of being an integral of (1) seeing that 
this last arises fi-om the combination of (2) and its immediate differen- 
tial (3). This integral js necessarily different firom the complete pri- 
mitive (2), since in this c is an arbitrary constant, while in the other 
case, it is a certain function of .r and j^, determinable from (5). 

We see, therefore, that it is possible for a differential equation to have 
other integrals besides the complete primitive, but derivable from it by 
substituting in it, for the arbitrary constant r , each of its values given in 
terms of x and y by the equation (5). Such integrals are called singu- 
lar integrals^ or singular solutions of the proposed differential equation. 

It must be here particularly remarked, that the value of c, as deduced 
from the equation (5), is not necessarily a function of the variables; for 
c may be connected with these variables in F(a, ^, c) merely by way 
of addition or subtraction, in which case (5) will implyyc=rO, the 
roots of which equation will be particular constant values of c, which, 
substituted in the complete primitive, will furnish so many particular 
cases of that primitive ; these, therefore, will be but particular solutions. 
Moreover the value of c, as deduced from (5), may appear under the 
form of a function of x and y, and yet be, in reality, a constant value ; for 
the complete primitive, if solved for one of the constants a, which enter 
it, will furnish for the value of that constant a function of x, j^, and c ; 
if, therefore, this function, by assuming any particular value for c, or, 
indeed, if any fiinction ^ of this function, agree with the function for c 
given by (5), then the substitution of this latter for c in the primitive is 
no more than substituting the constant ^a, and thus the solution is not 
a singular^ but, as before, a particular solution, and would have been 
immediately fiimished by the primitive, upon substituting ^a for c. It 
is necessary, therefore, before we pronounce the result of the elimination 
of c from the equations (2) and (5) to be a singular solution of (1), to 

x2 
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assure ounelves that this same result cannot be obtained by the mere 
substitatioQ of a constant function for c in (2). «| 

It may be here remarked, that if the value of ^ or of ;r be deduced 
from the complete primitive 2, we may write it 

y +/('. c) = or « +/(y, c) = 0; 

hence the differential of either of these with respect to c only, that is, 
the condition (5) becomes either 

ac ac 

thatisy 

^ = 0,or- = 0....(«), 

SO that the values of c, corresponding to singular solutions, are furnished 
equally by equation (5), or by these two. 

There is one class of differential equations \which we can at once 
aflfirm to have no singular solution, viz. those into whose complete pri- \ 
mitives the arbitrary constant c enters only in the first power; for in 
such cases c will be eliminated in (5) by differentiation, so that this | 
equation fails in this case to supply « value for c. We have seen (82) 
that equations of the first order and nth degree arise from primitives 
into which c enters in the nth degreee. Hence no differential equation 
of the first order and degree can have a singular solution.* SeeNoteD. 

Before proceeding furdier, let us illustrate what has been said by an 
example, and let the proposed equation be 

ydx ^xd^=za >/rfr«*+- rfy«, 
or 

which being of Clairaut's form, its complete primitive is 
y=Cx + a\/l-hC» .... (1). 



• It must not be forgotten, that in all our reasonings on the tiieory of 
differential equations, they are considered as freed from radicals. 



Digitized by 



Google 



THE INTEGRAL CALCULUS. 235 

To determine the singular solution, we are to eliminate C between 
^ this result and 



''y — r a. 
— =x + 



dc V 1 + c* >/a«ir7* 

substituting this in (1), we have 

or 

y + x« = a» (2), 

which is the singular solution, for it can never be comprised in tlie 
complete primitive (1), since whatever value we give to c, that equa- 
tion always represents a straight line, while (2) represents a circle. 

As in Clairaut's form, to which the above example belongs, the com- 
plete primitive is always the same as the proposed differential equation, 
viewing the coefficient />' in the light of an arbitrary constant, it is 
evident that in this form the singular solutions may be obtained by 

dy dx 

eliminating p' between the proposed and -^ == 0, or — =0. If this 

dp^ dp' 

were the case with other forms as well as with that of Clairaut, we 

should then be able to determine the singular solutions whenever they 

exist from the proposed differential equation, without being at the 

trouble of first finding the complete primitive. Let us then examine 

this point. 

(100.) It has been seen that the differential equation (3) is the 

same, whether c be constant causing (2) to be the complete integral of 

(1), or whether it be such a variable as to cause (2) to be the singular 

solution of (1). In either case the elimination of c from these two 

equations produces (1), so that if we solve (3) for c, calling the result 

and substitute this value in (2) we shall have (1) under the form 

tt = F(x,y,0) .... (!'), 

where is put for (jr, y, p'). 

This equation being the same as (1), the original differential equation, 
it follows that if we substitute for j/ which enters the function 0, its value 
as deduced from (1), when put under the form 
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that is to say, the value 

y = -/(x,y), 

the expression for u, (!'), will be identically 0, that is, independently of 
any relation between x and y. As, therefore, (1*) fixes no relation 
between .r and y, we may differentiate this equation as if they were 
independent, taking care to observe that ^ is a function of x, y and p% 
and that/>'s=: — f{xyy)\ hence, differentiating with respect to j-, we 

have 

dtt . ^^ ''^ _ rf« d^ dp' 

~ir" df dx d^ dp' dx ' 

and with respect to ^, 

du du diff du d^ dp' 

'dy d^ dy d^ dp dy 

From these two equations we get 

dp' . du du d<p ^^ du d<p 

dx dx d^ dx dip dp' ' 

dp' / ^** I JL"_ ^^ N .i. ^^ <^0 

dy "" dy ~d^ dy ^ ' dip dp' 

Now, in the case of a singular solution, we must have 

^» 
^ = '' 

for then the value ^ of c is determined conformably to the condition 

du 

dc 

and consequently the two foregoing equations become 

dx ^ dy 

dp' "" ' dp' 

hence. Up' be eliminated by means of either of these and the proposed 
differential equation, the result will be a singular solution, if it be a 
solution at all, that is, if it satisfy the proposed equation. 
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The preceding conditions lead to another for the determination of /»', 
sometimes of more convenient application than those. Thus the pro- 
posed differential equation being 

U=/(x,y,y) = 0, 
we have, by differentiating it, 

rfU _rfU_ ^Jy^ ^^/ _^' _^ 

^ dx ^ "^ dx ^ dy djif "^ dp' ^ dx '^ dy da ^"^ 

• * rf/ ^ dx "^ dy dx ^ ' ^ dx "^ dy dx ^ 

But by the foregoing conditions, this divisor is oo ; hence 

which equation will give the values of j/, necessary to fulfil the condi- 
tions above. It must be remarked that throughout this article u has 
been considered as a function of both x andy, a: being the independent 
variable; but the singular solution ussO may contain only t, which 
cannot, of course, satisfy the proposed, but by considering y as the 
independent variable ; hence for such solutions as these, we must, in 

the foregoing condition, consider p' =r — . 

dy 

(101.) The connexion between the complete primitive and the 
singular solution is susceptible of geometrical illustration. For the 
complete primitive represents always a family of curves, c being the 
variable parameter, and we know (Diff, Calc. p. 145, J that the enve- 
lope of this family is analytically represented by the equation which 
arises from eliminating c by means of the complete primitive, and its 
differential with respect to c. But we have seen that the singular solu- 
tion is given by the same elimination: hence the singular solution is 
the equation of the curve which envelopes the family represented by 
the complete primitive. As in Clairaut's form, the complete primitive 
is the equation of a family of straight lines, it follows that if this form 
ought to belong to a curve, the equation of that curve must be the 
singular solution. 

(112.) We shall now add a few examples of the determination of 
singular solutions. 
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EXAMPLES. 

1 . Given the equation 

to determine the singular solution 

---- =x+y — 2a:>> =0 
dp 



2x 
Substituting this in U = 0, it becomes 

or 

«— y — 2>/flW=:0. 

If this satisfies the proposed, it is the singular solution. In oi-der to 
ascertain this, substitute in the proposed 

y = x — 2va — a? 

and we find the first member become 

2{x-^^ax) (1 7—)— ^^ (a + x — 2^a^.) 

s/ax « 

on 

2 {x — wajc)'^2 (Vflu? — a) — x-\-2 ^ax — a — a — x-f2N/ar, 

where it is obvious that the terms destroy each other ; hence the above 
is the singular solution. 

2. Given the equation 

y/>'« + 2/x— y = 

to determine the general and the singular solution. 
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By solving the equation for j)', we have found (p. 225) the complete 
integral to be 

y* — 2<?r — c* = 0, 

and, differentiating with respect to c, we have 
X -f- c = .'. <? ^ — X, 
and this, substituted in the primitive, furnishes the singular solution 

y« + l5 = 0. 

3. Given the equation 

U = 1^ + 2xyp' + (a« — ««);>'' = 

to determine the singular solution 

dU 
-^=2xy + 2(a«~x«)/ = 0; 

to eliminate j}' by means of these equations, multiply the latter by p' 
and subtract it from the former, and we have 

««-t.»y/ = .•./ = — —, 

y 

and this substituted in the proposed, gives 

an equation which satisfies the proposed, and which is therefore the 
singular solution. 

4. Given the equation 

U = (x» — 2y2)p'«— 4iy/ — 4« = 
to determine the singular solution 

-^ = (x«-2y«)/-2^y=F0. 

^Eliminating p' by means of these equations there results 

««(««+2i^«) = 0, 
which is satisfied by either 
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«« = or j:*-|-2y«=:0, 

but only the latter satisfies the proposed equation : this, therefore, is 
the singular solution. 

5. Given the equation 

to detennine the singular solution 

a« = -y». 

6. Given the equation 

ydx — xdy=zx '^dx* -f dy* 
to prove that there is no singular solution. 

7. Given the general solution or complete primitive 

y = ar-|-(c~l)«(c-x)» 

to prove that the only singular solution is that corresponding to 
cr=j|(x+l). 

(103.) We shall conclude the present chapter with one or two 
geometrical problems which conduct to singular solutions. 

PROBLEM I. 

To find a curve such that the perpeudiculars drawn fix)m a given 
point upon its tangents may be all of the same constant length. 

Let (JT, t/) represent in general any point in the required curve, then 
the equation of the tangent through it will be (Diff. Cole. p. 11 2, J 

Y — y = — (X — X) or Y =j»'X -f- y — />'i, 

and supposing the given point to be the origin, the perpendicular from 
it on this line will be expressed by (Anal. Geom. p. 29,) 

a = , , 

Vp'*H-l 

which being constant we have 
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for the differential equation of the required curve. 
The complete integral of this equation is (p. 230,) 

y = cx + a's/l4-c> .... (1), 

which represents a &mily of straight lines, and the general expression 
for the perpendicular from the origin on any one of them is 

y — ex 



n/c^ + I* 

which is equal to a, the constant length. 

Now the singular solution of the proposed is 

y«-f-x« = a« .... (2), 

which represents a circle, and since the radius is a it is plain that it 
touches all the straight lines whose perpendicular distance from the 
centre is o; hence, agreeably to (101), the singular solution (2) touches 
and envelopes all the particular solutions comprised in (1). 



PROBLEM ir. 

To find a curve such that the product of the two perpendiculars 
drawn iirom two given points on any tangent may be constant. 

Let the axis of x pass through the given points and take the origin 
at the middle point between them, so that the abscissas of the points 
will be a and — a. Then the expression for the perpendicular from 
the point (n, 0) on the line 

is (Anal, Geom. p. 29,) 

>/;»«+ 1 V/j^^.! 

and from the point ( — a, 0) on the same line 
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Sf—pCa + x) 

The product of these two expressions is to be constant, 

this equation solved for y gives 

y=yr ± ^ b* -\- m^ p*^, 

m* being put for a^ -\- 6*. This equation being of Clairaut's form, we 
have for the complete primitive 

y = ox i: *y b* -f- m« c*, 

which represents a system of straight lines. The singular solution, or 
the equation of the curve to which these are tangents, is 

>»2y« + 62x» = TO»A*. 

The curve sought is therefore an ellipse. 



PROBLEM III. 

To find a curve such that the normal may have a constant ratio to 
the part of the axis intercepted between it and the origin. 
The curve may be either a circle or a parabola.* 



* For a more comprehensiTe view of the theory of Singular Solutions 
the student is referred to the Caleul des Fonctions, where Lagrange has 
devoted upwards of 100 pages to this subject. 
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ON THE INTEGRATION OF DIFFERENTIAL EQUATIONS 
OF THE SECOND AND HIGHER ORDERS. 

(1 04.) The most general form of a differential equation of the second 
order is 

which, however, comprehends a great variety of cases that are not 

integiable by any general process. Under certain conditions the 

integration is always possible, or may at least be reduced to the inte^ 

gration of an inferior order: as for example when the function does not 

du d^y 
contain all four of the quantities jr, y, — -, -rr-; ^dso when the equa- 

dx dsr 

tion is homogeneous with respect to the variables and the differentials, 
and in one or two other cases. It may be remarked here that in inte- 
grating equations of the higher orders we have not the option of making 
which we choose the independent variable, as in equations of the first 
order, without altogether altering the form of the equation, for by 
changing the independent variable the second differential coefficient 
will be supplied by a function of more compUcated^form, although 
such a change sometimes fetcilitates integration. 

Let us now examine those cases of the general differential equation 
of the second order which are integrable by general process, and first 
those into which all four of the quantities within the parentheses do 
not enter. We shall thus have five classes of equations, viz. three 
containing but two of these quantities or of the forms 

and two into which three of the quantities enter; their forms being 
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To integrate the form 

1?/* 



I'(*,-:J-)=o. 



Solve this equation for -— — and we shall have 
or 

.-. y =/«Xdx» = X, -f C,x + C, 

where X, represents the second integral of XcLr ' without the arbitrary 
constants, (see page 90.) 
Suppose, for example, 

Now 

a/x" dx = — -— — - and/- 



the constants being omitted; hence 
ax»+' 



11. 
To integrate the form 

cPy 
Solving the equation for — - we have 

djT ^ 

</je^ ' ' dx' da^ ^ dx dx* 

and multiplying by <far and integrating we have 
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i-/,''=/Yrf, = Y' + C 

... ^ = ^/iYq:ic.•.rf,=-7=^= .-. « = /^^i!^. 

<te >/2Y' + 2C t/ y2Y' + 2C 

As an example let 

be given to determine the primitive 
and multiplying by dx and integrating, 



</j7 



... rfx=~2^.-.x = a8in.-'-^+C'. 



III. 
To integrate the form 

Solving the equation for -^ as in the precedmg cases we have 

hence, if / be eliminated by means of these two equations, the result 
will be the required relation between x and y. 
Let the equation be 



-^ + o + *)'=» 



Y 2 
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. ap'dp' a 

(!-!-;,'«)« (1 +/»")* 

The elimination ofp* by means of these equations leads to 

(C-,)»-i.(C,-.y)« = a*. 

This process is obviously the solution of the following problem, viz. 
To determine the curve whose radius of curvature is constant, for th« 
proposed equation expresses the condition r^sa. 



IV. 

To integrate the form 

dp' d*y 

Putting — -— for its equal — — the form becomes 
dv dx* 

which is an equation of the first order between x and p'y and of which 
the integral must be sought for among the methods explained in 
chapter IV. Supposing this integral to be found and to be 

/(x,/,C) = (J), 

C' being the arbitrary constant, then the remainder of the process will 
depend upon the nature of this equation. 

1st. Suppose we can solve it with -respect \o p', then we may put ii 
under the form 

y = X .*. dt/zssKdx .'. yz=/Xdx, 

which is the relation between x and y. 
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2d. Suppose we can solve the equation (1) with respect to j;*, then, 
putting P for the resulting function of/, we shall have 

x = P .•. xdp=^Vdp'. 

But by integrating by parts the second member of the equation 

dy =zp' dx 
we have 

y^zp'x-'fxdp' .-. y^px-^/Fdp .... (2)j 

hence if we eliminate p' by means of the equations (1), (2), we shall 
obtain the sought relation between x and y. 

3d. Lastly, if the equation (1) cannot be readily solved for either x 
or p', then, in order to effect the solution, we must endeavour] to 
integrate (1) by some of the methods taught in chapters III. or IV. 

Let the equation be 

2^ dx^ -^'+ dx'^^' 
this reduces to 

2x(l -^-p'^)^ dx'=.a^dp' 
^ , a^ dp' 

.-. 2xrfx= i--r-, 

{X^'P'^f 
and integrating this we have 

(1+1''')* 
This, solved for pf gives 



therefore, multiplying by cfcr, and integrating 
Again, let tlie proposed equation be 
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Putting -— for — — , the equation reduces to 

1 +/'"+-?'' -^=«-^^nT^ 



(1 +/>-•) dx + xp'rf/ s= a (1 +y«)* dp', 
that isy dividing by (1 -^J^), we bare the fonn 

dx-^Psdp'^rdp', 
which is a linear equation, the values of P, P being 

p ' ~ 



£!_ p 

Integrating this by the formula at (87), we have 

Having thus got j:, we have from the expression (2), above, viz. 
y :ssp'x —fxdp', 

the value 

y s=/x — a >/i"+y« — C log. {y -f Vl -f /»} + C log. c, 

It remains, therefore, to eliminate j/ by means of these expressions for 
X and y; the result of this elimination will be found to be 



^ = >/a«+ C«— :r«— Clog. 



X +a 



C, (C — >/ a* + C« - 



which is the required relation between x and 5/. 
Lastly, let the proposed equation be 
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dp' cPy 

vrhich, by making the usual substitution of — — for — — and then 

ox dr* 

multiplying by <ir, to prepare it for integration, becomes 

2 (a«/* + *") 4p' = ^ d^' 
This is a homogeneous equation, and the separation of the variables is 
effected by substituting j?'^ for x; whence 

dp' ^^ zdz 
"/""" 2a* + 2« 

.'. log.y ssslog. C >/ 2a» + z* .•./ = C >/ 2a^ + 2? 

.•.»=/s=C«>/2a« +a* . . . . (1). 

To obtain the expression for 1/ in terms of z we need only put in the 
equation y zsjp'dx, the above value for p*, and the differential of the 
last for <ir; the result will be 

y = |-C»s(3a»-hO+C, (2). 

The elimination of z by means of the equations (1), (2) will furnish 
the sought relation between x and y. Or, instead of proceeding in 

this manner, we may, after substituting — for «, in the equation 

P 

/ = C V 2o« 4- ««, 
solve the result, viz. the equation 

jp'a _ C >/ 2aVM^ or /* — 2Ca «/?'* = C^' 

for /?', we shall thus have -— in terms of j, and thence the equation 

dx 
between x and 1/. 

V. 

To integrate the form 

dy d^y , 
*dx ' da» 

^ dp' d^u 

Putting as before, for its equal — 7-, the form is 

dx djT 
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buty because 



F(y,/-^)==o, 



^ ^ " p' ' ' dx dy ' 



dp' 
hence, by substituting this expression for — — , in the above form, we 

or 

have an equation of the first order among the variables p\ y, and their 

differentials, with which we may proceed as in the former case. 

Thus, suppose we had the equation 

dj/ d^y 

then, putting — — for -— --, we have 
ox dr 

dp dp' dy 

and, putting p'-f— for —f— , and multiplying by — , there results 
dy dx p' 

(fl-f«p')rfy=(i-i-/*)dt/ 

a linear equation, in which 

hence (87) 

y^ap^Cs/TTV^ .... (1), 
and therefore 

P P >/l +p^ 

consequently 

a: = a log./ -f C log. C,{p' + n/i -f/^). (iS^J?. 7,;?. 34). 
= log. {;»'"(Cy+C,N/nH?5)C} (2) J 
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hence, eliminatiDg y by means of (1) and (2), the result will be the 
relation between x and y. 

(105.) Besides the foregoing, there are a few other particular cases 
of the general form (A) that admit of integration, or ra&er of reduction 
to forms of the first order; the processes, however, are not only very 
indirect and embarrassing, but so exceedingly limited in their applica- 
tion, that we shall not hesitate to omit them in this elementary treatise, 
merely noticing one more case. 

dy 
And, first, we shall observe, that if weagree to call the coefficient — of 

dx 

tPy 
dimensions, and the coefficient — --- of — 1 dimensions, then when, 

djr 

according to this hypothesis, the differential equation of the second 

order is homogeneous, it may always be reduced to one of the first 

order by assuming 

d^u % 
3, = t;xand-^ = - (1). 

For, let, according to this hypothesis, n be the degree of homogeneity, 

d^u 
then it is plain that -- — must be multiplied by a factor of n -f- 1 di- 
dj^ 

mensions, and as wherever y is, it is to be replaced by vjr, it follows 

that X must enter this fiictor in n -f 1 dimensions. It is equally plain 

dy 
that x* will be a fector of—- ; hence, as the other terms rise to the same 
dx 

dimensions, the proposed equation after the substitutions (1) must be 

divisible by .r**, and the equation will thus be reduced to a fimction of 

V, jar, p'y without x. 

Let it be 

/(t;,2,/) = .... (2), 

then since, by hypothesis. 



but 



dx dv 
dy or p'dxssvdx + xdv .*. — ^ -7 .... (8), 



_ . ePy , zd^ dx dp' ,^^ 

'^ di? x ic s ^ 
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••"1 p-v ' ^ ^ 

Putting in this last equation for z its value in terms of v, p\ as deduced 
from (2) and the result will obviously be an equation of the first order 
between'i; and |i', from which />' being determined, and its value in 
terms of v substituted in (4), we shall have, by integrating, 

log.x=+»; 
hence finally, eUminating t; by means of this equation, and the first of 
(\) above, the result will be the required relation between x and y. 
As an eUmple of this process, let us take the equation 

then the substitutions (1) reduce it to 

and this value of 2 is to be substituted in the equation (5) 

P' V—'' 

that is, 

y/i'Hi' = vdp' -f- V^^^y 

each side being an exact difi'er. iitial, we have 

we are now to determine / fiom this, and substitute its value^in the 
equation (4), but because, in tiio pvtsciit example, a:=/, itwiU be 
easier, and amount to the same tluig, to determine /firom the equation 

dx «// _^^1. 

T dz ~~ p 

for we at once get 

this value, substituted in the above integral, gives 
a2 = 2Cxe; + C„ 
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but 

(106.) As to equations of a higher order than the second^ the general 
methods of integration are still more limited than those which apply 
to equations of the second order. There are, however, two classes of 
equations of the nth order, which may be reduced to the forms of ttie 
first and second orders, already integrated. 

These forms are 



and 



F(-g-.S:r)=»----0)' 



^(S-'&) = »----(*>- 



For the first of these let 

hence, by substitution, equation (1) becomes 

F(-.«)=0, 

which is an equation of the first order between u and x; hence, by inte- 
grating this, we obtain u in terms of j, that is, 

and the integration may be effected by (53). 
In order to integrate the form (2), put 

rf*— 'y ^ rf"y ___ d*u , 

hence, by substitution, the equation (2) becomes 

rf»t# 
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a form of the second order which we have shewn how to integrate at 
page 244. Deducing, therefore, the value of u, we have 

« = X.-. ^^ = X.-.y==/^X <&»-•. 

It will, however, be sometimes convenient to obtain x and dx in terms 

of u', as well as u in terms of x, as above, because we can readily 

descend from a coefficient of any order uf to that of the preceding order 

dy 
Vy and so on, till we obtain an expression for p' or -- in terms of «', 

ax 

iu which we may then substitute for u' its value in terms of ar, multiply 

by djr, and integrate. 

•The following are examples of the foregoing forms: 

(107.) 1. Given the differential equation 

to determine the complete primitive. 
Assume 

._ d^ df^ _ d*y 
^ ^ dx* ''' dx ^ dx*' 

so that the proposed is the same as 

r'-^ = l.-.djr = r'rff^.-.» = 4-»''' + <^ •*• r = -/2(«— C), 
dx 2 

as we have got dx in terms of r , we shall be able to deduce the prece- 
ding coefficient q' in terms of r' for 

d^ = r'dx = f^dr .-. /= y +:C, 

r'» r'* C. r** 

...d> = p'rfr= {^H-C, j^ + C,} rdr 

r^ r'* r* 

which is the complete primitive, r being equal to •/ 2 (ar — C). 
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2. Given 

rf*y _ <ffy 

to detennme the complete primitive. 
Assume 

so that the proposed is the same as 

ham which we get, by integiation, (p. 244,) 

whence 

having got at and dx in terms of 9', we may obtain/ in terms of q*y thus : 
V y** + C« 

.•.y = 9' + C, *H-C (S); 

hence we have to eliminate q' by means of (1) and (2); for this purpose 
put (1) under, the form 

therefore, substituting this in (2), we have, for the complete primitive, 
the form 

We shall now pass to the consideration of linear equations. 
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Linear Equatiotu of the Higher Orders. 

(108.) The general form of a linear differential equation of the nth 
order is 

^ + A-^+ +Mg+N, + X = 0....(A), 

A, B, &c. being either functions of jr without ^, or else constant. 

In order to determine the method of integrating this class of equations 
let us examine a particular case. We shall choose the equation of the 
third order of the form 

where x is absent, and in which A, B, C are constants. 

Now if we can find a value of y in terms of x, and involving but one 
arbitrary constant that will satisfy this equation, we know that such an 
equation between y and x will be a particular case of the complete 
primitive. The peculiar form of the proposed equation has enabled 
analysts to discover li priori such a particular case of the primitive, and 
thence the complete primitive itself. For, from the principles of difie- 
rentiation, we know that the several differential coefficients derived from 
an exponential function ce^ all involve this same function, thus 

y = ctf"»*, -J^ = mce^, —^ s tM*ce^, ~- = m^ee^, <fcc, 
ax ax* ax* 

hence, if this function be put for t/, in the proposed equation, all the 
terms will become divisible by e"*', and the result will be merely an 
algebraical equation of the third degree in m. But this equation will 
fix certain values for m, so that, by putting these successively for m in 
the equation y ss ce"», c being a constant, we must have necessarily 
so many particular values of y which will satisfy the proposed, that is, 
so many particular cases of the complete primitive. Let us then sub- 
stitute in the proposed equation 

which becomes, in consequence, 
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.•.«i« + Am*H-Bj«-fC = .... (1). 

Let the three roots of this equation he tngy m^ and m,, then for y we 
hare the three values 



y, == c^ e«i «, y, = c, e"^*, y, = <?, e«J* 



(2), 



each of which equations necessarily satisfy the proposed . These, there- 
fore, are particular cases of the complete primitive. 

As the complete integral must iumish each of these hy giving parti- 
cular values to each of the three arbitrary constants which enter it, this 
complete integral must be 



y = c, «"»i * -I- c, tf"t* + Cj e"»«* 



. . (3). 



For put successively for y, in the proposed, the values (2), the sum of 
the results will be 



c, m,«^.' 


+ A 


c, m,«e»i* 


+ B 


c, m, e*i * 


+ c 


C,^X' 


Ca »»,»«■•»* 




c^m^e^^* 




c,fn,^«.» 




c,if-»==0, 


e, m3»««"s* 




c,«3*e»8* 




<?3 W, tf»3* 




<?3tf*«* 



that is (3) 
1^ 



rfx» 



dx 



Cy =0. 



It is necessary to remark that if any of the roots m„ m,, m^ be equal, 
as, for instance, mi = m, then (3) will be 

y = (<?i + <?«) ^> ' + ^s «'"3'> 

which will not be the complete primitive of the proposed, but only a 
particular integral, since only two arbitrary constants enter. But when 
this happens, then it may be shewn that not only is y = c^t^^x, a par- 
ticular integral of the proj>osed, but also 5^ = c» a-'e** ', for, differentiating 
this, we have 

dy (Py 

UX djr 



d^3f _ 



dx* 



s= c, w,* xe**! ' -h 3e, TOj* c"»i *. 



Z2 
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Substituting these values in the proposed, we have 

c, .e-i ' (m* 4- Am* -|. Bm, + C) + 
c,«*i«(3«i«H-2AjiIi4.B) = . . • . (4) 

Now by hypothesis the equation (1) has two equal roots, and it is 
shown by all writers on the theory of equations that the limiting equa- 
tion to thisy viz. 

3w«+2Aw-|-B = 

has also a root equal to one of these {See Bridge's Theory cf Equations 
p. 67). Hence both the terms of (4) vanish, so that the expression 
(4) is =sO, that is, the value y=C| jre*»* satisfies the proposed equa- 
tion, and therefore the complete primitive is 

y = c, c*i * + c, are*! * -|- c, «"••*. 

If all three roots were equal, then it might be shewn, in the same 
manner, that the complete primitive would be 

y = c, c*"! * -|- c,xe*i * -I- e^x^e^i *. 

Let us now consider the linear equation 



(B), 



A, B, C being constants and X a function of x. 
Suppose 

ys=C,yi + C,y,-|.C,y3 .... (1), 

then we know, from what has preceded, that if X were absent from 

the proposed, that this would be the complete integral of (B) j/^, y„ 

y, being put for €*■>', e«**, ««»* and C, C^ C, being constants. But 

Cj, Ca, C3 may be ftmctions of jr, and yet of such a nature as to have 

du d^y d^y 
no more effect upon the values of -^, -7^, —rr, than if they were 

dx dx^ •dsr 

constant; for it is only necessary that they be subject to the following 

three conditions, viz. 



for then 
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the same as if the coeflScients were constant. 
2. 



for then 






the same as for constant coefficients. 

Now if^ as a third condition, we suppose 

we shall then have ^ 

Consequently, if we determine Cj, C„ C, from these three conditions,/.' 
(1) will be the complete primitive of the equation (B). ^' " 

Such is the theory of Linear differential equations, but for further 
particulars, and more ample details on this as well as on various other 
classes of differential equations, which have at different times exercised 
the powers of analysts, the student must consult works of higher pre- 
tensions than the J)resent volume, as Jephson*s FluxUmal Calculu8,Yoh 2, 
or the Cakullntegral of Gamier; but the Complete Treatise of Lacroixy 
in three large quarto volumes, furnishes the most extensive view of the 
labours of analysts in this department of science that has yet appeared. 



Determination of Integrals by Approximation, 

(109.) The integration of equations of two variables consists in the 
determination of the general relation between x and y; this determina- 
tion, however, is, as we have before remarked, not always practicable 
in finite terms, and in such cases we must content ourselves writh an 
approximation to this relation. The object in view, in the method of 
approximation, is to determine an expression for one of the variables in 
a series of ascending or of descending powers of the other, so that, for 
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a piopoted numerical vahie of the one, we may approach to any degree 
of nearness to the corresponding numerical value of the other. An 
example or two will riiew how these approzimati(Mis are to be effected. 



EXAMPLES. 

1. Given the equation 

to determbe y in terms of x . 

Assume 

y = Aa:« + Ba* + Cx« -j- Ac, 

where both the exponents and coefficients are indeterminate. By 
differentiating, ^ 

4- = Afl««-» + BAx*-> + Ccx-» -h &c. ; 

dy 
hence, by substituting these values of y and — in the proposed equa« 

dx 

tion, it becomes 

(1 -f Aa*^» + B6*H-i 4. Cci«-> -f <fec.) (A*- + Bi* + Cx« -f &c.) = 1 , 
that is, by actually performing the multiplication here indicated, 
A'fl*'*-^ + ABaa«+fr-» + ACff«*'t-«-» -f *fec. 



1 -j- ABAd-'f * 
+ Ax« 



-» -f. B^ &!«*-» H-*c. / 
-h ACcx«+^-» + &c. ? "" * 
+ B2x» -|-&c.^ 



We have now- so to fix the values of the indeterminate quantities 
that this equation may hold independently of x, that is, so that the 
first member may be identically 0; and it is plain that this will be done, 
provided we can first assume a, 6, c, 8cc. of such values that the 
exponents may all be equal and can then assume A, B, C, &c., so 
that the coefficients may mutually destroy each other. 

The first object will be accomplished by the conditions 

2a — 1=:0, a4-6 — l^a, a-fc— ls=6, 
which give 
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o = — , 6 = 1,/?= — , 

and for the second we must obviously have the conditions 

A«a = l, AB(a + 6) + A = 0, Ac. 
which fix for A, B, C, &c. the values 

A ^ i^ 2> B ^ — , C ^ -— , dse» 

consequently the required development is 

It should be remarked that the integral thus determined is not tlie 
complete primitive of the proposed, because no arbitrary constant has 
been introduced. The determination of the arbitrary constant requires 
that we know the value of y for some given value of x; suppose then 
that when jr =5 a, jr s= 6, then the form of the development must be 

y = 6-f.A(x — a)*-f B(x — a)^-|-Ac (1), 

and in the present example it is, therefore, 

y = 6 + >/2 (x + a)*--|. (*-a)l + -"^ (i?-«)J -&c. 

in which equation the arbitrary constant is involved in a, b. The 
complete integral is not, however, always so readily determinable; the 
usual process is to substitute in the proposed differential equation 
rt H- ^ for X and b-\-u for y, and then to develop « in a series of 
powers of t, so that when t is made = 0, u may become 0, for then 
when the values of t and u are restored, by the substitatioii of jt^- « 
for t and y — 6 for u, we shall have y = ^ when x = a as we ought ; 
or we may at once assume the development of the form (1), and then 
determine the exponents and coefficients as above. 

2. Given the equation 

- djtf ^ 
to determine the complete integral in a series. 
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Puttuig a + tkirXf and assuming the development (1)^ we have 

a* 

c^ ^ 
substitutii^ these values in the proposed, we have, since —- = — , 

at dx 

Airf*""' + Bpfi-^' 4- Cyt^"^ + Ac. + 

6 + A<* + Bl^ + <fec. + 

n 1 

ma* + »iiia»--« * + f«» — 5 — «•-* ^ + <fec. = 0. 

Now to render the exponents the same in the several vertical rows, 
we must have the conditions 

*=:l,/3 = 2,y = 3,&c.5 
hence 

Ass -WW" — 6, B=: p-^ 

C— ^ 1.2-3 

4fec. <fec. 

therefore the exponents and coefficients of the assumed series are 
determined. 

3. Given the equation 

to find y in a series. 
Assume 

y = A«* + Bx^ + Cx^ -f &c. 

.-. ^ = A«x*""' H-Bi3i^""* +Cy.r^"'* 4- <fec. 

... = A«(— l)x— »+Bi3(^-l)x^-»+Cy(y-l)xy-* 
Uence, by substitution, the proposed becomes 
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= 0. 



+mA:r»+« + mB»^+« + mCxy+« -|. Ac. > 

To render the eiponents the same in the several columns we may 
suppose TO = — 2, but this would confine the investigation to a 
particular case of the proposed example. If, however, we first make 

the term Aa (« — !)*•"* vanish by means of the requisite value of «, 
that is by making either 

asO, or assl. 



+ &C.7 
+ &c.-^ 



the above equation will become on the first hypothesis, or a = 0, 
B/3(i3-l)x^-' +Cr(y- l)x>-' +&c. 

consequently, by equalling the exponents, 

/3 — 2 = »,y — 8 =:/3-f 11,^ — 2 = 7 + »,<fec. 
.'. /3 = n-f 2, y = 2»i + 4, a=:3n-|-e, Ac. 

and equalling the coefficients of the like terms, we get 
_ Am _ Am* 

hence, putting for /3, y, &c. their values just determined and substituting 
in the assumed series these expressions for the coefficients, we have 

.;P>»+4 — Ac.} 



(« + l)(n + 2)(2« + S)(2n + 4) 



A being entirely arbitraiy. 

If we take the second hypothesis, viz. a = 1, we shall obtai another 
expression for y involving an arbitrary constant A, or, for differential 
sake, A'; this expression will be 
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^-^-{^- (.^2)(n + 3) --^'^ 



(«-|-2)(ii + 3)(2ii + 4)(2it+6) 



a*i+4_^C.} 



the sum of these two particular integrals will be the complete integral 
of the proposed, involving the two arbitrary constants A, A'^ and, by 
making first one of these and then the other, we have the two 
particular integrals above deduced. 

For other methods of approximation the student may consult the 
works referred to at the close of last article. 



Integration of Simultaneous Equations. 

(110.) We shall conclude the present chapter with a few general 
examples of the integration of simultaneous equations, as they often 
present themselves in the higher problems of Dynamics. 

1. Let it be proposed to integrate the system of equations 






di ' ^ dt 

which are the most general forms of the fiist degree between x and y 

dy dx 
and the differential coefficients -— , --; and in which M, N, P, &c. 

dt dt 

are functions of the independent variable t. We may write these 

equations thus : 

(Mif -f Nx) <;« + Pcfy 4- Q (fx = T</« 
(M'y + N'x) dt + P'dy + Q'<fe= Tdt, 

and if we multiply the second by an indeterminate function of ty 
and add the product to the firsts we shall have 

{(M + M'^)y + (N + N'e)x} i«*+ (P + VB)dy + (Q + Q'e)rfr 
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that is, putting for brevity 

M4.M'0 = M,, N-f N'e = N,, P + FOssP,, 
Q + Q'e==Q,, T-f T'e = Tj 
we have the equation 

M,yrf# + ^,xdt + ?,dy + Qi dx = T^dt, 
or, which is the same thing, 

M,(y4-^*) dt + Pi (rfy -f- ^(ir)=:T,rf/. 

Now it is obvious that this equation would agree with the linear 
equation of the first order, (art. 87,) provided that we had the con- 
dition 

because then by putting 

y + ^A' = Z (2), 

the equation becomes, in virtue of the supposed condition (1), 

M^zdi-^F^dz^T^dt, 
or 

dz-{-~^zdt^^dt, .... (3), 

from which equation we know how to obtain z in terms of t, and 
thence the relation among the variables x, y, and t 

Now to satisfy the condition (1) it is obviously sufficient that we 
have 

^ m/"~ P, *' 
that is, t being the independent variable, 

dJ^ 
J^da Mt _ Qt dx 

M, rf^ "^ * dt '^ P, di 

dx 
and as -— is indeterminate, the coefficients of this term must be equal, 
dt 
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therefore the above condition implies the two 




. . . (4). 

If then in these equations we substitute the foregoing values of M„ 
Ni , P, , Q| y and after having performed the differentiation we eliminate 
e, which enters in these equations, the result will be the relation which 
must subsist among the coefficients of the proposed equations, in order 
that the integration may depend upon a linear differential equation of the 
first order. The solution of this linear equation will give z in terms of 
t, from which we may get y in terms of x and t, and this value of 5^? 
substituted in one of the given equations, will furnish a differential 
equation between x and t, which being integrated we shall finally- 
obtain the values of x and y in terms of f . 

When the coefficients M, N, P, &c. in the first members of the pro- 
posed equations are all constant, the second condition (4) is necessarily 
satisfied, when is constant, and we shall then have only to determine 
the arbitrary fector 0, so that the other condition may have place. This 
first condition, by restoring the values of Mj , N, , P, , Q^ , is 

M + M'd ■" p-i-p'e ' 

which, by reducing to a common denominator, furnishes a quadratic 
equation in 0. Let its roots be 9" and ^, and the corresponding values 
of the coefficients of (3), m and n in the first case, and m^ and n' in 
the second, then the equation (3) gives the two 

di-\-mzdt^ndt 
dz 4- fn*zdt = ndt, 

and these integrated by the formula at page 192 furnish the two equa-^ 
tions 

lience, putting in these the value of z (2), we shall have two equations 
in X, 1/, and ilf from which both x and^ may be obtained in tennis of t. 
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2. Let it now be required to integrate the system 

rfy-f(My4-N«-hP «)rf< = T dt^ 

da? + (M 3^ + N'* 4- r«) <i^ =r T'd/ ( 

dz + (M"3/ + N"ar 4- P"«) dt = T^'rf/ 3 

in which all the coefficients are constant except T, T, T", which are 
functions of the independent variable t. 

Multiplying the second by a constant C, and the third by another 
constant C, and adding the products to the first, we shall have an 
equation of the form 

d^ + Cdx + C'dfcf- Q (y -I- Rx + Sx) di^Vdt, 

which, as in the former case, will agree with a linear differential equa- 
tion^ provided we have the condition 

d (y + R» -f S«) = 6?!/ -f C</a: -f Cdgi . 

-which requires that 

C SIS R, C 5SS S f 

hence, as C and C are contained in K and S, these two equations will 
suffice to determine the different values of C, C, which will cause the 
required condition to exist; or which will render the proposed equa- 
tions integrable by means of linear equations of the first order. 

The above method applies to differential equations of the superior 
orders, because these may be reduced to equations of the first order. 
Thus, for example, if the equations were 

d«i/ + (My + Nx) d^» -f- (P</y -h Qda)</^ = Td^2 

d»* 4. (M'y + S'x) d^ H- (ydy + Q'dx) dt^Tdfi ' 

we should be able to reduce them to four equations of the first 
order, viz. ^ 

dy=rj/dt, dxas^dt -v 

dp' + (My + Nx -f P/?' + Q/) dt=zTdt \ 

dq 4- (My H- Wx -f- P>' 4- Q V) dt = T'd^ J 

and to these four equations the preceding process may be applied 
For particular examples of the integration of simultaneous differential 
equations, we must refer to Peacock's Collection of Examples. 
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OSAVTBIt VII. 

ON THE INTEGRATION OF TOTAL DIFFERENTIAL 
EQUATIONS OF THREE VARIABLES. 

(110.) Lrt 

Prf« + Qrfy + Raf = .... (1) 

be a differential equation of three TariableSy of which the two x and y 
are entirely independent. By putting 

;»=— ^» '="" R ^^ 

this equation becomes 

ds=sjNfx-f ^y • . • • (3). 

If this is the Md differential of f, immediately derivable from some 

primitiTe 

. = F(.,y) (4), 

then we know that we must hare 

and, moreover, that the second member of (3) must fulfil Euler's 
condition of integrability (78): for althou^ z may enter p and q as 
well as s and y^ yet as 2r is a function of x and y the second member 
of (3) is a differential expression of but two independent variables. 
The condition of integrability is, therefore. 

that is, 

^.^ dt ^.^^ 

dy dx dy'^ dx dt dx ' 

By transposing we have, in virtue of (5), 
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which expresses the condition of integrability. But to have this 
ccmdition in tenns of P, Q, R, instead of p and y, we have, by diffe- 
rentiating (2), 

nJL^pJ^ R ^Q Q ^R 

^ dy dy dq dx dx 

dy ~" r5 ' dx Ra 

dp Q dz flte_ dq ^ dz dz 

hence, by substituting these values in (6), the equation of condition 
reduces to 

^ dg dg dr ^^ dx ^ dz ^ 

P^ = o....n), 

and which equation must exist if the equation (4) exists; that is, if 
there can exist an equation among the three variables j, y, Zy in con- 
junction with (1). Consequently, if we take at hazard a differential 

equation 

Mdx -f Nrfy 4- Vdz = 0, 

then, without first ascertaining whether the condition (7) exists, we cannot 
affirm that one of the three variables is a function of the other two, con- 
sidered as independent, or that this differential equation necessarily implies 
the existence of some equation among i*, y, z. Formerly, however, those 
differential equations which did not fulfil the condition (7) were considered 
to be meaningless, but Monge proved this supposition to be erroneous, 
and shewed that although to such equations there corresponded no single 
primitive, yet they might be satisfied by a pair of primitive equations 
involving an arbitrary function of the dependent variable z, tlieir 
geometrical signification being an infinite variety of curves of double 
curvature : we shall advert to this presently. 

It must be remarked, that the existence of the condition (6) or (7) 
does not imply that the proposed (1) is an exact differential, although 
it does imply that (1) is integrable, for, otherwise, the second member 
of (3) could not be an exact differential, which it is by hypothesis • 
but this second member, it is easy to see, remains unaltered by what- 

Aa2 
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ever fector we multiply (IX bo diat wben we have ascertained that the 
condition (7) has place for any proposed diflferential, we must, in order 
to integrate it, determine the fector, which will render it exact. 
Let us then suppose that the differential 

Mdx+Ndry4-Pd« = .... (8), 

will become the inmiediate differential of some function of x, y\ z, j 
represented by U = 0, upon being multiplied by the factor y, then, X 
for the total differential of U, we have ' — -^ 

rfU= MX rf* -f NX<fy 4- PXrft = 0. 

Now as z enters into the two first terms of this complete difierential 
the same as if it were a constant, we shall obtain tiie integral U by 
integrating the equation 

MX«f* + NX</y = .... (9), 

^^ N^and N being functions of the variables x, y and of the constant z, 
~' provided we determine the arbitrary constant, which may obviously be 
a function of the constant z, so that the complete integral may be the 
same as U. Representing, then, the complete integral of (9) by 

U = V + ^8 = 0, 

it will remain to determine ^z. For this purpose let us differentiate 
with respect to jar, and we ought to have 

rfU _ rfV 1/0. _ 
at dz 



♦.=:/(PX— ^)*, 



and thus the function ^z becomes known. 

Since ^z contains neither of the variables x, y^ they must both be 
absent firom 

if, therefore, either of them were to enter this expresiion, we must infer 



Digitized by 



Google 



THE IKT£ORAL CAtCUtl^S. 



?71 



that the factor X has not been properly chosen, for, although it render 
(9) integrable, it will not in this case render (8) so. 

It is obvious that the factor which renders (8) integrable) renders 
not only (9) but also the two other partial equations 

integrable, the factor, therefore, must be chosen so as to fulfil these 
three conditions. 

(111.) As a^ example, let the proposed equation be 

ytdx — xsdy -{- yxdz = 0. 

This satisfies the equation (7), it is, therefore, integrable, and to ascer-* 
tain whether any and what factor is necessary to render it an exact 
differential, we must first consider one of the variables as z constant, 
writing the equation thus : 

t(ydx — *rfy) = ...» (1), 

this does not satisfy the condition of intcgrability, but (94) it is 

rendered exact by the fector X = — -, and this same factor is found to 

render also the other two partial equations exact. Multiplying then 

(1) by — and integrating, we have, omitting the constant, 

r 

U=— +^2 = .... (2) 
dU __^ J? rf0i 1 X 

hence> substituting this value in (2), we have for the sought integral 

y 
Again, let the equation 
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ty dx ^- tidy 4* xydt -^-aj^dzTszQ 

be proposed. This also satisfies the condition (7); we shall, therefore, 
first integrate 

on the hypothesis of z constant, and we find for the integral 

U = w3^4-0j; = O (1), 

so that no fector is here requisite, 

rfU . d^% , , 



az* 



hence, by substitution, the integral U becomes 

(112.) I^et us now consider the case in which the differential equation 

Mrfx-f Nrfy + Prfj = .... (1) 

does not satisfy the condition (7), and let X be the factor proper to 
render integrable the part Mdlr -f Ndy only, z being regarded as con- 
stant; by multiplying the proposed by this factor, it becomes 

MXdi-f NXrfy-hP\(/2=0 .... (2). 

Integrating the equation 

MXd«H-NXrfy = .... (3) 
we have, as before, 

V + ^8 = .... (4), 

but the differential of this equation, taken with respect to the three 
variables, cannot, as in the former case, be identical with (2), which it 
would however be, if its differential with respect to z were equal to PX. 
Now the differential of (4) with respect to the three variahles is, in 
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virtue lif (3), 

MXdx+NXrfy + -^«'«+-^rf« = .... (5). 

and its ififierential with respect to z only is 

and therefore, although it is impossible that any equation (4) among 
the variables x, y, z can be found, whose differential (5) shall be identi- 
cal to (3), without assuming some other relation among the variables, 
yet, by introducing a new relation, viz. the relation 

the identity is brought about, for, in virtue of this condition, (5) becomes 

MWx + NXay + PXi^ssO, 
and thus the proposed differential equation is satisfied by the equations 
V + ^f = 

^ + is^-Pxi' 
J, ^it: '^^'^ 



ds ^ d% 



taken conjointly, in which the function ^z is entirely arbitrary. The 
system of equations (6) involving an arbitrary function of z represents 
an infinite variety of curves of double curvature, all of which eq^ally 
give rise to the differential equation (1) or (2). 
Suppose, for example, 

ydy -f- tdx — <fs = 0, 

an equation which does not satisfy the condition (7). 

Regarding z as constant, the factor necessary to render the part 

ydy -{- idx 

integrable is 2, consequently the proposed, multiplied by this, is 

2ydy + 2%dx — 2<2x = 0, 

which equation is satisfied by the system of equations 
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If we take ^z s= 7^, the system is 



2« + 4L+2^o3 



and s 






CBAPTBlt VZZX. 

ON THE INTEGRATION OF PARTIAL DIFFERENTIAL 
' EQUATIONS. 

Partial Differential Equatiom of the First Order, 

(113.) A partial diffeiential equation of the first order, containing 

three variablec jt, y, «, is one which, besides the variables themselves 

and constant quantities, contains only the partial differential coefficients 

dz dz -_ . 

J-, J"* The integration of this class of differential equations forms a 

distinct and very extensive brancli of the calculus, involving difficulties 
of a peculiar kind. In the present small volume we must confine 
ourselves to a very elementary view of the subject, referring the student 
for further information to the large work of Lacroix, before mentioned. 



To integrate the partial differential equatiQ^ 

dz 
dm 
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X being a function of x, and z a function of the independent variables 

Multiplying by dx, and integrating, we have 

«=/(*>y)=/Xrf»-f-^i/, 

the arbitrary function ^y supplying the place of the arbitrary constant, 

dz 
because the partial differential coefiicient — - has been deduced from 

ax 

the hypothesis of y constant. 

Suppose, for example, the equation were 



then 



-=a-+«.. 






II. 

To integrate the partial differential equation 

P being a function of .r, y and z. 

dz 
As the coefficient — is deduced on the hypothesis of y constant, 
dx 

we must preserve this hypothesis in returning to the original function 

z ==/('r, y) ; hence, multiplying by dx, we have 

/a = Pdx, 

the ^ in P being considered as a constant; this will be a differential 
equation between the two variables z, x, the integral of which must be 
completed by annexing the arbitrary function <l>y. 
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EXAMPLES. 

1. Let the equation be 

dz g 

2. Let the equation be 

dz a 

dx ""n^— y« — *« 



3. Let the equation be 



dz 

zdt 



S=v7^ 



=</t. 



therefore, y being considered constant, 

or 

4. Let the equation be 

<i* y' -h ** 
<2s <^r 



. * yS ^ {S yS ^ X3 

and, integrating on the hypothesis that y is constant, we have 

-i- tan.-i -^ 5= i- tan.-* — + ^y. 
y y y y 
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III. 



To integrate the partial differential equation 

dy ' dt 

M and N being functions of x and y. 
From this equation, we get 

df M A 

rfy"" N dx' 

and since, by hypothesis, ir is a function of x and y, 
, dt , ^ dt , 

and we have, by substitution, 

or 

A Nd:t — Mdy 
dx' N 

Suppose X is the &ctor which renders tfdx ^- Mdy an exact dififeren- 
tial duy that is, let 

X(Nrfx — Md3/)=dfi, 

then the preceding equation becomes 



to satisfy which we need only assume 



K^Ahen 



1 d% _ 

■■ • — ss Ftt« 
XN d» 



dx^Fu* du •*• s :s ^tf» 



being entirely arbitrary, and u a known function of jr and y. 
1. Let the equation be 

fib 
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dx dt ^ 

which is the general partial differential equation of surfaces of reTolu- 

tion (!>%£. Cole. p. 175J, 

In this case 

lids — Mdy =s xdx + ydy, 

which is rendered integiable by X ^ 2, 

•'•» = «* + y*j • 
and^ consequently, 

the general equation of sur&ces of revolution. 

As a second example, let the partial differential equation 

dx dy 

• ■> 

be proposed, which belongs to right conoidal sur&ces in general, then i 
Nrfx — Mdy ^ ydx — xdy^ 1 

which is rendered integrable by X=s — : hence 



/ydx — xdy _^ a 



X 



an equation which we know is the general representation of all right 
conoidal sur&ces (THff, Calc, p. 199-201> 



IV. 
Let now the form 



be proposed in which P, Q, R are functions of x, y, and z; then, 
dividing by P, and putting 



i 
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dz dz 

- + M-+N = 0. 

dz dz 

that IS, putting p' for — , and q' for ^ , 

y + M/+N = (A). 

As this equation exists in conjunction with 

dg^p'dx-\-^dy, 

which merely implies that j? is a function of jp andy, we may eUminate 
/>% and we shall thus have . 

rfz-f-Ndx = y'(rfy — M£/j) .... (B), 

this equation being trae, whatever be the value of 5', we must hs^e 
separately 

rfxH-N^a: = 0, rfy— Mrfir = 0* .... (1). 
Now, if it should so happen that z is absent from both N and M, then 
the second equation will imply some relation between x and y^ fur- 
nished by the integral of that equation. Supposing then X to be the 
factor which renders it an exact differential, we shall have 

X {dy — Mdx) = 0, 
and, by integrating, we get an equation of the form 

• It may be proper to remark here that these equations, in their present 
form, teach us nothing, since, from the first principles of the calculus, we 
know that dx, dy, and dz are necessarily eaah 0. They are, however, 
immediately reducible to a significant form, by dividing by dx, since they 
then become 

in which latter equation it must be observed that although -f- implies 

a relation between x and y, yet as we may consider this relation to be 
arbitrar}', we shall in effect consider x and y to be independent. 



Digitized by 



Google 



280 THE IVTEO&AX CALCITLVS. 

F(x,y) = C («) 

.•.y=/(x,C); 

consequently, substituting this value of ^^ in the function N, we shall 
have 

the second member of this equation being a function of x, and of the 
constant C, in which, afier integrating, if we restore the value of C 
(2) the result will be the sought relation among the three yanables, 
taking care, however, to consider the arbitrary constant which com- 
pletes the integral to be an aibitrary function of the constant C, in order 
that when the value of C (2) is restored, the integral may not be 
deficient in generality. 
As an example, let the equation be 



dt . dt 
Comparing it with (A), we have 



»5^+»^ — ^^?+?- 



M=^,N=-«i:^±?. 



hence the two equations (1) are 

ar— a ^^dxssOfdy — ^dxzsiO .... (3), 

z being absent from each. 

Now the &ctor X, which renders the second of these equations, or 
rather the equation 

integrable, is X ^ — ; multiplying then by this, and integrating, we 

s 

have 

X 

consequently, the first of these becomes 
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dzz=tadxs/T+C* 

.-. »=arN/l-hC«-f-^C, 

vfhere ^C may, of course, contain another arbitrary constant besides 
C. Restoring, now, tlie value of C, we obtain, finally, 



«=a«^l + -^ + ^^, 
or rather 

j=a'N/:?+7-f f:^ (4), 

^ being a function quite arbitrary. 

If, by difSerentiation, we eliminate the arbitrary function ^, (see 
Diff. Cole, p. 82), we shall return to the original partial differential 
equation. If a := 0, in the proposed, it will be the general represen- 
tation of right conoidal surfaces, before noticed, and the equation (4) 
will be the integral equation of the same class of surfaces. 

It may happen that the two members of the equation (B) may con- 
tain each only the variables whose differentials are involved in them, so 
that^ may be absent from N, and z from M. In this case let, as before, 
X be the factor which renders the expression dy — Mdx integrable, 
and let X' be the factor which renders dz -(- Ndj integrable, the mem- 
bers of the equation (B) may then be represented by 

dz\ Nrfx=: ^ rfU, dy — Mdx :=^dV, 

A. A 

SO that we shall have 

dV=zq'^dV (5), 

the first member of this equation is an exact differential, and that the 
second member may be also exact, we must have 

which is the only condition which need restrict the arbitrary function 
q'; hence, by substitution, in (5) 

Bb 2 
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U=*V, 

that is to say, U is an arbitrazy function of V, U and V being functions 
of the variables already determined. 
Lety for example, the equation 

be proposed, which will accord with the generdl equation (A), if 
writtten thus: 



M and N being 









hence the equation (B) aciaing fram ^ elimination of j?', is 

X X 

di <{r=/(</y dx), 

so that we have now to find £u:tors which, shall render integiable the 
expressions 

dM^^ — dx, dw dx, 

these fiictors are — and 2y; multiplying, therefore, by these, we have 

the exact differentials 

xdx — xdx ^ _ ^ - 
p , 2jr dy ^2xdx, 

of which the integrals are 
consequently the required integral is 

It should be here remarked, that instead of eliminating j/ from the 
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equation (A), as we have done in the preceding examples, we may 
elinuBate q\ and deal with the resniting equation 

Mrfx + Nrfy = y' (rfy — Md*) = 0, 

as we have already dealt with (B). 

■ On the Determination of Arbitrary Functions. 

(115.) In all the preceding examples of the integration of partial 
differential equations, the integral involves an arbitrary function of 
some of the variables, which ought to be the case, since, as shewn in the 
Difierential Calculus, p. 82, any arbitrary function involved in an integral 
equation may be eliminated by differentiation, and the resulting equa- 
tion will always be a partial differential equation of the first order. 
This elimination was very frequently performed in our section on the 
Theory of Curve Surfaces. In returning, therefore, from the partial 
differential equation to the original primitive, this last, to be perfectly 
general, ought to involve an arbitrary function, in the same manneir as 
the integrals of ordinary differential equations involve an arbitrary 
constant. We know that in this latter class of equations the deter 
mination of the arbitrary constant, in any particular case, depends upon 
the nature and conditions of the problem to which it applies ; and so 
also with respect to the arbitrary functions which supply the place of 
these constants in the former class of equations, their determination 
depends on the nature of the particular problems to which they belong. 
For example, the primitive of the equation 

-£+*|=^----<*>' 

is 

y — &x=:0 (a? — as:) .... (2), 

which represents cylindrical surfaces in general, without regard to the 
nature of the directrix. But if we knew, from the conditions of the 
problem, the equation, y ==/r, of the directrix of the particular cylinder 
which is the subject of inquiry, then, although the differential equation 
(2) would remain unrestricted, since nothing arbitrary is involved in 
it, yet its integral (2) would be restricted by this condition, viz. that 
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. when f = Oy the equations (2) and jf ss/s are identical, because (2) 
will then represent the trace of the cylinder on the plane of xy, that is, 
the directrix ; hence the condition is that 

so that f remains no longer arbitraiy, but becomes the known form f, 
therefore the particular integral corresponding to the particular cylinder 
in question is 

y — 6»=:/(« — OS), 

y — bz being substituted for y, and x — azfyr Xy in the given equa- 
tion of the directrix (<See Anal, Geom. p. 244). 

If the given directrix were a curve of double curvature, then, putting 

X — as := V, 

we may, by means of this equation and the two given equations of the 
directrix, determine the values of jt, y, and z, in terms of u, and con- 
sequently y — bzy or its equal ^tr, will be determined in terms of ti, or 
in other words the form of f will become known, and in which we 
shall then have merely to put x — az for u, to have the equation of the 
particular cylindrical sur&ce which is the object of inquiry. 
Again the primitive of the partial differential equation 

dx ^ dy 
is 

, = ^(-?.)or^-»«=^, 

X X 

which belongs to every conoidal sur^e whose straight directrix coin- 
cides with the axis of jsr, without any regard to the nature of the cur- 
vilinear directrix; but if this is fixed by the conditions of the problem, 
then, putting u^=z, we may, by means of this equation, and those of 
the given directrix, determine the values of x, y, and z, in terms of u, 
consequently 0~* z will be determined in terms of u or of z, so that the 
form of this function will become knovns, and thus the particular equa- 
tion sought will be determined. 

Should, however, the problem in question furnish no conditions for 
the determination of the arbitrary function, then the geometrical repre- 
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sentation of the integral comprises an infinity of surfiices, not, how- 
ever altogether arbitrary, but entirely arbitrary as fiir as depends upon 
the arbitrary function. For example, the primitire of the partial difie* 
rential equation • 

ds 

is 

zszax + fif .... (2), 

an equation which represents an infinite variety of surfiices according 
to the infinite variety of arbitrary forms we give to fy; but yet all 
these snr&ces must possess this common property, indicated by (1), 
vi}. that if each be cut by a plane parallel to that of xz, the inclination 
of the section at any point (Xy z) must be constant, and equal to a, 
{Diff. CaU, p. 162), consequently every suQh section must be a 
straight line; thus hi, therefore, the surfeces comprised in (2) are re- 
stricted. If, in (2), we suppose x =s 0, then we shall have, for the 
trace of any of the surfaces on the plane of xy, the equation 7^ y^ 

Mrhich is entirely unrestricted, so that no curve can be even conceived 
which this equation shall not comprise; for even if the curve be described 
at random, since each point in it will be comprised in this equation, 
their locus will be comprised in it. 

What has been said in the present chapter on the subject of partial 
differential equations, and on the arbitrary constants which their inte- 
grals involve, is intended to convey only a few elementary notions of a 
very extensive and very difficult department of analysis : the full de- 
velopment of the theory of partial differential equations is what cannot 
be expected in an elementary volume like the present : we ^hope, 
however, to return to this subject at some future opportunity. 



THE END OF THE INTEGRAL CALCULUS. 
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Note (A), page 35* 
(Supplement to Chapter II.J 

We have fully explained in the text the method of finding, by indeter- 
minate coefficients, the numerators A, B, C, <fec. of the several partial 
fractions into which any rational fraction may be decomposed : we propose 
here to shew how the same numerators may be determined by the applica- 
tion of the differential calculus. 

1. Let us first consider those partial fractions which arise from the real 
roots of the denominator of the proposed. If m of these roots are equal, 
we know (12) that the partial fractions to which the factor (a? — a)"* 
involving these roots gives riw, are 

A . B _K_ 

(x — a)«^ (x — a)»»~i -r.--. ^__^ ' ' * ' K^h 

which if m ^ 1 becomes simply . 

X — a 

Hence if -^^ be put to represent the sum of the remaining partial 
fractions which make up the proposed — then we have 



U __ A B _ 

V "" («—«)"• "^ (j — a)"" 

_Ei_— u 

V, " Vi(» — a)« 



•+ • 

(2). 



2 c 



Digitized by 



Google 



290 KOTES. 

MalUplying the second and third members by V, we get for U, the 
expression 

V.{^-A-B(x-«)-C(,-«)« K(x:-a)— •} 

U. = '■ (73^;-= •••«• 

Now, since V, is not dlTisible by (x — a)«», this expression informs us 
that the quantity within the brackets most be divisible by (x — a)"*, so 
that this quantity must be of the form X (z — a)% X being a rational 
function of X. It follows, therefore, that if we differentiate successively 
this same quantity, each of the coefficients, from the first to the (m — l)th, 
must be equal to when a is substituted for x : in virtue of this property 
we shall be readily enabled to determine the numeral coefficients in the 
numerator of (3). For, in the first place, it is plain from (2) that by 
multiplying the second and third members by (x — a)"* and then putting 
X =: a we shall obtain the value of A, viz. 

A = [£]. 

the brackets being intended to intimate that a particular value is given to 
Xf viz. X = a ; differentiating now the expression within the brackets (3), 
we have, in virtue of the property just established. 



hence 






A = [^],B = [-^].C=i-[^'].D=^-i-3[-^].*c. 

in this way therefore the partial fractions (1) may be determined. 

2. Let us now proceed to determine the partial fractions corresponding 
to imaginary roots. In this case (13), 

U Ax + B _ Cx+D 



Ix-f-K U, U 

{(x-a)»-f.^}--«+ V, - V, {(^-»)«^-/3«}- • 

Multiplying the second and third members by Vj we get for U,* the 
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eixpression 

V,l-^-(A» + B)-(C* + D){(*_«)« + j8«} _....} 
^' ^ ' {■(«-.)« + /^ " 

As before, the expreMion within the brackets mnst be divisible by the 
denominator, and must, therefore, be of the form 

bence the successive differential coefficients^ from the first to the 
(m — l)th, become each equal to when for x is substituted one of the 

roots of 

(*—)' + 13» = 0, 

that is, 

af = « + j3>/ — 1 or a? = « — j3n/ — 1 .... (4); 

so that by making these substitutions we have, as in the former case; 

d{^ &c.} d*{-^ &c.} 

[|^]=[A.]+B,[ '-^ ] = 0. t '— ]=0,*c. 

each of these equations divides itself into two because of the two values 
of Of (4), for which they subsist ; hence we have as many equations as 
there are coefficients to be determined. It should be observed that in this 
second case the method of indeterminate coefficients, as explained in the 
text, is generally of easier application than that which we have just given, 
as the trouble of operating with the imaginary values (4) is avoided. 
As an example of the foregoing processes let it be required to decompose 

the fraction 

1 

d?® -|- «' «♦ A'* * 

The denominator of this fraction is easily seen to be the same as 
(a?*— 1) ^ (^ + 1) = (a?— 1) (a? + 1)««8 (a^ -f 1) 
so that we must assume 

^^-j-a-^— .T*— a?3 ^_i ^ (-P 4-1)2 ^a?4-l -r j^ T ^ T 



a «* -f- 1 
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We iball fint determine the munerator Ay which, since U=?l and 
V,=:(*-|.l)«(j:«-|.l)4r»,ij 

^^^ (* -f. 1)» («* -f 1) «« -• "■ 8 ' 

1 being rabstitated for x. 

We shall next find B, C, which, since V, = (« — 1 ) («« -f- 1) «» and 
Uasl, becomes 

B-rJLi_JL c-r— Ii-i-' 

B_[ — ]_-,C_[-^^l_-, I 

<— 1 being solMtltated for ». I 

To detennine D, E, F, we haw U = I, V, = (* — 1) (* + ])' 

^ U ^ U ! 

being subiUtated foi «. 

Finally, to detennine K, L, weluTS, since U = l andV,s:(«— 1) I 
(,+ !)•*», 

in which ± n/ — 1 being sabstitated for d? gives the two equations 

8K + SLs=l, K=sl., 
from which we get 

hence, the proposed fraction is decomposed into 

8(«— 1)^ 4(« + l)» ^8(»+l) *»^«» »^4(«» + l) 

dor dtV 

3. If we had to integrate — — -r or we should have first to resolve 

the denominator into its quadratic factors, and this may be done by means 
of the decomposition of 

;iAn.2d7*»COS.e+l, 

already exhibited at page 32 of the Differential Calculus. 
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The cosine in the last or mth factor in this decomposition is obvioosly 

COS. -- ^ — = co8. (27rH )= cos. 

the cosine in the factor preceding this is 

+ 2(m— 2)7r ,_ ,0 — 4^-^ — 47r 



COS. 



s COS. (2ir H ^ = COS. 

iu m 



and SO on; so that the formula referred to may be written thus, by 
changing a into y and m into n, viz. 

Q 

j,»n S^COS. 4-1 =x(«* — 2« COS. 1- 1) 

n 

X (;p» — 2*co8.?!!l±^ 4- 1) 

X (a*— 2j?cos. h 1) 

ft 

X (a»— 2a?cos.i^^^i-? + 1) 

4ir ^— 

X (^ — 2a?cos. f- Ox<fec. ton terms.. (1). 

n 

Now it is easy to see here, that the last or wth factor is, when n is even, 

a* — 2x COS. ^--^^ =57^ + 2^7 cos. 1- 1» 

n n 

SO that, in this case, the decomposition is 

Q 

a»n — 2a"«cos. 0-f l = (a?* — 2«'C0S. 1- 1) 


X (df* + 2ir cos. 1-1) 

X (ar* — 2a?cos. — ■^— + 1) 

2ir— , ,. 

X (a?* — 2^ cos. h U 

n 



X (ijc^—2x COS. ^"^ + 1) 



cc 2 
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4ir — 
X («■— 2* COB. hO X<&c.tontenn8..(2). 

Let OB now suppose la each of these formolas (1) and (2) that 0^0, 

B 
then COS. as 1 as also cos. — , and, therefore, when n is odd, 

«*• — 2«*-f- 1=(*« — ar + 1) 

X (a!« — 2*cos. -?^-f 1)« 
n 

X (a* — 2* cos. -^-1- 1)« X ifecto*^ terms . . . (3), 
and when n is even, 

A^. — 2d-» + 1 = (*« — 2^- + 1) 
X(««-h2j?-f 1) 

X («• — 2j?co8. ^^ -f. ly 

X (J?« — 2*cos. -^ -f 1)« X Ac. to '^ terms . . . (4). 

The formulas (3) and (4) immediately lead to the decomposition of 
d?» — l into its quadratic factors; for, by extracting the square root of 
each side of (3), we have, when n is odd, 

*--l=(,-l) 

2tr 
X (j« — 2*co8 1-1) 

X (a*— 2* cos. —^ + 1) X &c. to ^- terms .... (5), 

and, by extracting the square root of each side of (4), we have when n is 
fven, 

*" — l=Cx9— 1) 

X (x«-.2xcos. J^A-l) 
n ' ^ 

X (x*— 2x COS. — + l)X «fec. to -|. terms . . . , (6). 
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Having thus decomposed x« — 1 into its quadratic factors, we may resolve 

into its partial fractions^ as follows : 

aen — 1 

Taking the logarithms of each side of (6), and then diflferentiating, we 

have, w^en n is odd, 

.^- , 2x — 2 COS. 

wa"— ' 1_^ n . 

Of*— 1"" X— 1 "^-^ ;; 2^;^ _,"^ 

ar^ — 2xcos. h 1 

n 

2x — 2 COS. . , 

\. <fec.. to — 5 — terms, 

3^ — 2x cos. 1 

» 

or, multiplying by a?, 

2xa — 2XC0S. -^IL 
nx» ^ I n , 



«*— 1 *— 1 . « 27r . , ^ 

or — 2x COS. h 1 

« 

2x' — 2xC08. . , 

n . . ^ « + 1 * 

— V- <fec. to terms. 

^ 4ir ' « 

j2 — 2x COS. h 1 

n 

Now, if we subtract n from the first side of this equation, and from each term 

w -4- 1 
on the second side 2, we shall subtract from the whole of this side — -^- — 

2 

times 2 \ that is n -f- 1> so that, in order that the equation may still subsist, 

we must increase this remainder by 1, or, which is the same thing, the 

equation will subsist if we subtract n from the first side, and from the first 

term on the second side 1 only, while from every other term is taken 2 . 

we shall thus have 

2 — 2x cos. 

n \ n 



x"-> X— 1 , ^ 27r , 5 

1 2x COS. h x* 

u 

49r 
2 — 2x COS. . 

-^ h <fec. to -—^ — terms. 



1 — 2x COS. h a' 

n 
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1 1 




2ir 

- 1 — « COS. 


gM^ -^«(j,— ]) 


i 


* 1-.2XCOS. -?^ +i« 


1 X cos« 


4ir 
n 


1 Jtrf *- ** *- 


1 — 2x COS. • 


4ir 
ft 




Hence the integration of 




di> 



-h 



«•— 1 

is, when n » odd, reduced to tiie integration of the several terms of the 
series 

«(x— 1) n * 1— 2ar + x* "*" 1— 2*x + r* "*" 

4kc. to "*^ } terms .... (7), 

which integration may be readily effected by the methods explained in the 
text. 

Again, taking the logarithms of each member of the equation (6), and 
differentiating we hare 

nx^^ 2^ _^2*~2^«-^ 



x« — 2xcos. \- 1 

n 

2x — 2 cos. 

; -|- <fec. to -— terms. 

X* — 2x cos. h 1 

n 

or, multiplying by ^, 

-, -i 2r* — 2r cos. 

njt** 2j?^ n 

*"— 1 — a:*— l"^" ;; 2«- , , 

x« — 2x COS. f- 1 

n 
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2a' — 2x COS. 

u <fec. to -— terms. 

a,-* — 2s COB. h 1 

n 

11 
Subtract n from the first member of this equation^ and as there are ■—- 

terms in the second member, subtract 2 from each, the result is 

2 — 2x cos. 

n 2 n 



x« — 1 ««— 1 , ^ 27r , a 

1 — 2x COS. \- «' 

n 

2 — 2ac COS. 

1- «fec. to Y terms, 

1 — 2x COS. -f X* 

n 

consequently 

27r 
« 1 — * COS. 

.-J_ = ? It !L + 

x*— 1 «(xa~l) « ^, ^ 27r . ,^ 
1 — 2x COS. h X* 

1 — X COS. „ 

n ft " 2 
• f- &c. to — - — terms}. 

1 — 2x COS. 1- X* 

« 

Hence the integration of 

dof 



x«— 1 



is when n is even reduced to the integration of the several terms of the 
series 

2dx 2da , 1 — ax . I — bx 

IT ^T 



«(x«— 1) n "-l — 2ax + x»^ 1— 26x + a?«^ 

&c. to ^T" terms} .... (8). 
We shall now give an example of each of the formulas (7) and (8) : 
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1. To detenniiie the integral of 
da 



By the fonnala (7) we bate 

/ds _ 1 /* dx 2 /* (I — aje)dje 

iTZTi — To/ «-l ij l — 2ax + x^' 
tbe fint integral in the second member is 

llog.(«~l), 

and, by patting tbe denominator of the remaining integral under the form 

and then substituting f for «— a, we have 

= 4^^tan.-»-7=L=r »-4l^ff-('^*-«'+*)5 

hence, substituting for a and » their values 

2w 
a=sco8. --— , X =x — a, 

we have, for tbe required integral, 

/ da _ 

1 .1 27r , ^, ^ 2ir , -^ 

C -f -3- log. (j? — 1) + -3 COS. -5- log. (1 —2a? COS. -j- -|- ar») — 

27r 
X — COS. — — - 
2 . 29r . . 3 

— sin. --— tan.-* 



3*3 . 2w 

8in. -5- 

If this integral ought to vanish when xzsiO, then the correction is 

— COS. -— — 

C = -T- sin. tan -> 



3 * 3 * . 27r 

sin. — — - 
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29r 



^ sin. — -— tan.—' 



3 3 . 2ir 

sin. 

3 

and consequently the last term in the above expression, when corrected, 
becomes, in consequence of the property 



tan. (A'+ B) = —-r-* "t,' 

^ - ' 1 — tan. A tan. B 



tan. A 4- ta n. B 
in. B 

27r 
apsin. 

2 . 27r . , 3 
sin. — -— tan.— » — 

3 3 , 27r 

1 — arcos.— — - 



2. If the integral of 

dx 



«*— 1 
is required, then, by the application of the formula (8), we find 

dx 



/dx 



" T ^''^* TT^" "*■ T ''''*• T ^°^* (1 - 2i cos. ~ + 1^) - 



X sm. -— 

-— sm, — - tan.—* , 

2 2, AT* 

1 —X cos. -— 
2 



the integral being corrected as in the preceding example. Or, since 



cos. --^0, and sin. — =1, 



/dx 1 , 1-f 



-— ■ tan.- * X, 



Let it now be required to decompose a* 4" ^« ^o' ^^^ purpose, put 
=: 7r, in the formula (1), and it becomes 

a:»»-f 2ff» + l = (r« — 2a:co8. JL-+1)9 
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X (i»- 2* COS. — -hi)* 

X (z* — 2jrco8. h l)'X«fec.to— -term*. 

Hence, by extracting the tqnare root, we have, wlien n is even, 
«• -I- 1 =(x* — Sarcoe. -^+1) 

Sir 
X («• — 2x cos. h 1) 

X (i» — 2xco8.-^-f 1) 
n 

and in like manner by putting O^x, in the formnla (2), and extracting 
the square root, we have, when n is odd, 

«» -h 1 = (* -h 1) 

X («• — 2*C08. -^ +1) 
n 

X («« — 2*co8. J^4.i)x &c. io ^'^^ terms; 
n "2 

hence, proceeding exactly as with «• — 1, in the respective cases of n even 
and n odd, we find, when n is even, 

. o , 1 — * cos. I — X COS. 

dx _ 2dx . n n 

^ ^ 1 — 2XCOS. — + «» 1 _ 2* COS. -^ + x'^ 

n n 

4- &c. to — terms 
2 

2dx , 1 — gje ^ 1 — &g , 

"" n M — 2rf7+T« "^ 1— 26a? + a« "^ 



&c. to -— terms} .... (9) 



and when » is odd. 
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1 — S COS. 

dx dx 2dje . «_ 



^ ' 1 — X COS. — 4- a« 

n 

1 — X COS. - 

1- drc. to — - — terms} 

1 — 2.T cos. -f- ^' 

rf^ , 2</* - 1 — gjy 

^1 — 2«x -h x2 "^ 



«(l-|-i) ' M 4— 2«j:-|- 
^ "" ^'^ -f- &c. to ^"7^ terms} .... (10). 



1 _ 26a? + ** ^ 2 

If we apply this formula to the example 

dx 
x^ -h r 
we find for the integral 

/ dx 
*» H- 1 "" 

Y log. (1 -h *) — Y cos. y log. (1 — 2x cos. y + *') + 

IT 

xsin. — 
-- sin. -- tan.-» , 

O O IT 

1— XCOS.-^ 

the same correction being introduced as in the former examples. Or, 
since cos. 60°= J and sin. 60° = i v'^ 

1 , , ^^/3 
— ^ tan.—* -—^ — • 

■ X 



/ dx __ J_ 1 +JF 1_ _j XsJ ^ 



For the decomposition and integration of other forms, the student may 
consult Jeph9on-8 Fluxional Calculus, vol. 2, and Simpson* a Fluxions, 
vol. 2. 



Dd 
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NoTK (B),page 71. 
Development o^.sin.*" x and coe."* x. 



Pnt 

COS. X + sin- * ^ — 1 = w ^ 



S 



(1), 



COS. X ^sin. a V — 1 = p ' 

tlH?n (Di^. Calc. p. 30,) 

COS. mx + sUi. mj? V — 1 = «»" 
COS. mi ^sin. mx ' 

and consequently 

w* -}-»"•=: 2 cos. MIX, !«*• o"» = 1 . . . . (.3). 

Now by adding together the equations (I), we get 



— 1 = ««» i 
^ * I ... . (2), 



and therefore 



COS. X = — (tt 4" »), 
2 



COS."* x= --^ (« -^. r)« ==_-(«, -I- «)« 



2'» ^ • ^ 2 

hence, by the binomial theorem, 

COS.** X == -^^ {«"» + m«"^» o 4- — ^^ 1- t#*»-»t;a -f «fec.}. 

* 2 

or 

COS.« X = -— {»« + WIP"-! W -I ^— ^ «;»»-* M« + <feC.}, 

adding together these equations, we have 

COS."* x = p^, }«•»-!-«"» + muv (««-« + «»»-«) + 
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But from (3) 

^m ^ 0"* = 2 COS. mx 

,^m~9 ^ «"•-* = 2 COS. (m — 2) X 
„««— 4 -|_ t>»— * = 2 COS. (m — 4) X 

&c. &C' 

hence the development of co8."»a? becomes 
^1 



«*»* = ! 
(fee. <&c. 



^^/^ 



co«."» X 5= — r- {cos, mx + w« cos. (f» — 2) * + 
2"* 

j^ (^::::il COS. (w - 4) X -f &c.} 

2 ^ 




and by pUttingm eqnBl to 2, 3, 4, Ac. and recollecting that <;0b. -- - 

cos 0, we shall obtain the values of cos.%', cos.'or, cos.*a?, &c in the text. 

Let us now seek the development of sin.«x; for this purpose we must 

take the diflfeience, instead of the sum, of Ihe equations (1) j we thus have 



and conseqnentty 



. sin* X =s 



u — V 



2 n/ — 1 



8in.«^x^ .: : — • 

(2V — 1)« 

1. Let w be even, then (.Algebra^ p. 149,) 

(« — »)•» = (» — w)"» J 
bence, developing the two equations 

and adding the results, we get 

2 sin « X = 7^ (m* 4- 1'* - 'WW*' (««"^* + ^'^) + 

(2V - 1)« 

^<^r-.ll w» t»« («-^ + tr«-*) -^ &c.} 
and making the same substitutions as before, in virtue of (3), we have, 
since OT is even, and therefore (n/ — 1) «= ± 1, 
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■In." s SB ± -pjj- {coi, mx — m cot. (m — 2) a '^ 

* ^'Y" ^ ^ - COS. (m - 4) X — Ac. } .... (B). 
S. Let m be odd, then 

therefore 

•In." X =s -^—7=—-, iin.«»x= "^ , ■ » 

(2V— 1)- (2n/ — !>■ 

and defeloping (k ^ v)*, and (v — k)", as before, we get 

1 




2 
But from equations (2) 

1^ — i;* -f 2 sin. mx 'J — 1, «■ tH» = 1, 
and in Tirtoe of these equations the foregoing development becomes, since 

sin." x= ± -—J- {sin. mx — m sin. (« — 2) x + 
m (« — ij. gtp^ (^ _ 4) J _ ^c.} .... (C). 

It must be observed, that in the development (B), the lower sign is to 
be employed, when m is either of the numbers 2, 6, 10, &c. and the upper 
sign, when m is either of the numbers 4, 8, 12, &c. Also in the develop- 
ment (C), the lower sign is to be used, when m — J is one of thennmbers 
in the first series, and the upper sign, when it is one of the numbers in 
the second series. 
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'SoTE {C), page Hi, 

In order to show that every enveloping surface most be greater than the 
surface enveloped^ it must be first established that every surface, curved or 
polygonal, which is subtended by a plane exceeds that plane. This will 
be obvious, from considering that if through any point on the curve, or 
polygonal surface, a plane be drawn, intersecting both the surface and the 
subtending plane, the curve section will always exceed the rectilinear 
section, whatever be the direction of the intersecting plane ; and that, 
therefore, the locus of the curve sections, that is, the curve surface, must 
exceed the locus of the rectilinear sections, or the subtending plane. This 
being admitted, let us conceive any two surfaces, one enveloping the other ; 
then, as there is necessarily some space between them, we may cut off by 
a plane a portion of the enveloping surface without touching the surface 
enveloped ; if then this plane supply the place of the portion cut off, the 
enveloping surface thus modified will be less than before, and the space 
between it and the enveloped surface will be diminished. Again, let the 
intermediate space be still further diminished, by catting off another portion 
of the enveloping surface, and let this process be continued ; then it is 
obvious, that since at every operation we not only diminish the enveloping 
surface, but also the space between the two, we in fact approach nearer 
and nearer to coincidence to the envelop<j0 surface, as the enveloping sur- 
face diminishes ; consequently this latter must have been originally greater 
than the former. 



Note (D),page 234. 

We have remarked in the text that there does not exist any singular 
solution when the arbitrary constant c enters into the complete primitive 
only in the first power. This, however, is contrary to the doctrine of 
most analytical writers, who, in cases of this kind, reason as follows: 

** When c rises only to the first degree in the primitive, this is of the form 

t* = Ac+P=:0 .... (I), 

where A and P are functions of a, y, which do not contain c. First, sup- 

P du 

pose A not to be a factor of Pi then, since c = r, from —;= A=sO, 

A dc 
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there results c ^ qd $ which gives a particular solation, viz. that case of 
the primitive in which the arbitrary constant is supposed to be infinite. 

<*Nezt, let A be a factor of P; then, since the proposed differential 
equation is 

P(rfA) — A((£P)==0,» 

A ss most neoessarily be a solution, and to detenaiBe whether it is a 
singolar solatioBy eUminate either » oijf irom A=0 and the primitive; 
end it is a singalar solution or not, according as the resulting value of c is 
fariaUe or constant," 

It would appear, then, from this reasoning, that A ssO might be a sin- 
gular solution, provided the complete integral (1) were divisible by A ; but 
in sach a case the solution A s=: would always be neoessarily comprised 
in every parHcuUur solution (1): this solution cannot, therefore, with 
propriety be considered a singular solution, for it is the character of a 
■ingttlar solution not to be comprised in any particular solution. 



* For the immediate differential of 

I 

c(rfA) + c/P)«0...c«-^gg.,(l),P^Ag-> 

.•.P(rfA)— A(dP)K:0. 



THE END. 



J. sod crAdlwd, Prioten. BardioloiiMw Cloae. 
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